Assam Academy of Mathematics
Assam Mathematics Olympiad 2024
Category II (Classes VII - VIII)
1st September 2024

Full marks : 100 Time : 3 hours

There are 18 questions. Questions 1 to 5 carry 2 marks each. Questions 6 to 13 carry 5 marks
each. Questions 14 to 18 carry 10 marks each.
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There may be various other ways of solutions than those shown here. Queries or suggestions
regarding the solutions can be mailed to mail@aamonline.in
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1. Find the greatest common multiple of 3, 4 and 7 that is less than 2024.
3, 4 I 79 QTP ARD MY efresor Shedr [s 20240F A< |

Ans : LCM of 3, 4 and 7 is 84. Any common multiple of 3, 4 and 7 is a multiple of 84. So, we
need to find the greatest multiple of 84 that is less than 2024. This can be found by dividing
2024 by 84. We have 2024 = 84 x 24 + 8 = 2016 + 8. So the number is 2016.

2. A pair of prime numbers (p,q) is called a pair of twin primes if p and ¢ differ by 2. For
example, (3,5) is a pair of twin primes and so is (17,19). Find all pairs of twin primes less
than 100.

GER GfET A (p, ¢)F o Glifere At JfeT (It =7 TR p A (7 ANy 2 271 TwrIezmeed,
(3,5) QUF o4 GNFTIE AL O (STCI (17,19) 1 100 O F< SIBIZCAR N Gliferss 1y fvifq
Sferad |

Ans : The required pairs of twin primes less than 100 are (3,5), (5,7), (11,13), (17,19),
(29,31), (41,43), (59,61) and (71,73).

3. A park is in the shape of a right angled triangle with sides of integer length, the longest side
being 17 metres. Find the cost of covering the entire park with grass if the cost per square
metre is Rs. 200.

T fagensios a3 Twiag 2fSrh! AT T e LYl S TAI AN ALBIF A 17 WoR |
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Ans : Since the sides are integer and 17* = 8% + 152, so by Pythagoras theorem, the perpen-
1
dicular sides are 8 and 15. So, the area is 5 x 8 x 15 = 60. Required cost is Rs. 12000.

4, Use appropriate symbol (< or >) to compare the following fractions :

TEE SAIPTR oAl A T BF (< A >) 92T I

(@) 1011 2101 (b) 2000 3000
2024 T 4202 999 T 1501
Ans : Observe that 3001 < 2822 = 1 and 2100 = 7. Hence, 300 < 2150,
2000 — 2000 _ 3000 _ 3000 _ 2000 — 3000
AISO,W>m—QaHdﬁ<m—2.Hel’lce,@>m.
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5. Let p=666...6 and ¢ = 888...8 where p and ¢ have 2024 digits each. If n*> = p* + ¢, what
is the value of n?

T p = 666...6 AF® g = 888...8 W p WE ¢ § AfSHITES 202401F W @R | M
n? = p? + ¢%, (08 nJ W fFxa?

Ans: n? =666...6°+888...82 =62 x111...12+8%x 111...1% So, n? = (62 +8%) x 111...12
ie. n?=10%x111...1% i.e. n =111...10 i.e. 2024 ones followed by 0.

6. Let x,y, 2 be real numbers such that = +y + 2 = 20 and z + 2y + 32 = 16. What is the value
of z + 3y + 527
qq 2 1, y, » TG AT ALY AT 2+ y + 2 = 20 ©F z + 2y + 32 = 161 (9@ z + 3y + 529
EIGRSZICK

Ans : v+ y+ 2z =20, v+ 2y + 3z = 16. Subtracting, (r+2y+3z) — (z+y+ z) = 16 — 20 i.e.
y+ 2z = —4. Let o + 3y + 5z = k. Again, subtracting, (x + 3y +52) — (x + 2y + 32) = k — 16
i.e. y+2z=k—16. Thus, £k — 16 = —4 i.e. kK = 12. Hence, x + 3y + 5z = 12.

7. If a,b,c are positive real numbers such that a + b+ ab =0+ ¢+ bc = ¢+ a + ca = 35, then
tind the value of (1 +a)(1+b)(1+ c¢).

AW b, ¢ TS0 AN AW A AC® o +b+ab=b+c+bc =c+a+ca = 35 (S
(14 a)(1 4 b)(1 + )3 = a1

Ans : Observe that
l+a+b+ab=1+b+c+bc=1+c+a+ca=36
=1+4+a)(1+b)=01+b)(1+c)=1+c)(l+a)=236
=1+a)(1+b)(1+b)(1+c)(1+c)(l14+a)=236x36x 36
=S[(1+a)(1+b)(1+c) =62 x 6% x 62
=(1+a)(14+b)(1+c)=6x6x6=216.

8. Let P be the incenter of the triangle ABC. If /APB = 110° and /BPC = 120°, then find
the angles of the triangle ABC.

QT P (2R fags ABCT W= 1 AW /APB = 110° @< /BPC = 120°, (o8 fags ABCT
(IR WA fefy 4

Ans :

120%.P

B C

Ans : By angle sum property in ABPC, we have / BPC+48 + £ = 180°. So, 120°+180°-44 —
180° which gives /A = 60°. Similarly, /B = 80° and /C = 40°.

9. In the figure, PTZX and ZY QM are squares. Also, N, M, (@ are collinear points. Find the

i PQ
ratio ok

foq® PTZX &% ZY QM 31 #9te N, M, Q K25l (2R TR | (98 L% S=ethe
et a1
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10.

11.

N M

Sol.

Let TZ = aand ZY = b. Then, PN = a—band NQ = a+b. So, PQ = /(a — b)?> + (a + b)? =
V2(a? + b?). Again XY = va? + b So ;—g =2

The distribution of books in a library is shown in the following pie chart. PS is a diameter.
T divides the arc PT'S in the ratio 3 : 7 and () divides the arc PQS in the ratio 5 : 1. If there
are 12000 books in the library, find the number of books in each category.

qb1 sffresreTe 431 ey fesd weg @i foadre myed @1 PS @ore g1 T R

PTS BI9GIF 3 : 7 wieiioe ftow Bz, Q "M@ PQS BHGR 5 : 1 S7ies oe Jfz | ™
AfISFBrS TF 12000 2 fFoI9 TR, (o0 AfSTE! e 4l fForoq Fet g <11

Science Commerce

Literature

Ans : We find the fraction of the circle represented by each sectors. The diameter P.S divides
the circle into two equal parts. Given, PT : T'S = 3 : 7. So, the sector described by PT is % x%
of the whole circle and the sector described by TS is % X % of the whole circle. So, number
of Commerce books is % x 12000 = 1800. Number of Literature books is % x 12000 = 4200.
Also, PQ : QS = 5: 1. So, number of Science books is g X % x 12000 = 5000 and number of

1 1
Music books is 6 X 5 x 12000 = 1000.

Show that the rectangles ABC'D and AK LM have the same area.
MY @ ABCD @I AK LM @I oI Fife1 1 |
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Ans : Join KD. Then area of triangle AK D is half of that of rectangle ABCD. Also, area of
triangle AK D is half of that of rectangle AKLM. Thus, the result follows.

12. For any real numbers a,b, ¢ with (a + b)(b+ ¢)(c + a) # 0, show that
a—b b—c c—a (a=0b)(b—c)(c—a)

a+b+b+c+c+a+(a+b)(b—|—c)(c—|—a):O
R a, b, c B A ACS (a4 b)(b+ ¢)(c+a) # 01 YA &
a—b b—c c—a (a—b)(b—c)(c—a)_o

a—i—b—i_lH—c—i_c%—a+ (a+b)(b+c)(c+a)

Ans :

a—b+b—c+c—a

a+b b+c c+a

a—b b—c (a=b+(b—2¢)
_'_ —_

a+b b+ec c+a

=(a=)) <a—1|rb_c—|1—a) —(b=¢) <cia_bic>
_(a=0b)(c=b) (b—c)(b—a)

_<a+b)(c—|—a)_(c—|—a)(b+c)
_ (a—b)(b—c) B . .
S arbhtaicta T (ath)
_ —(a—"b)(b—c)(c—a)

(a+Db)(b+c)(c+a)

13. There are two vessels each containing one litre of water. Half of the water in the first vessel
is transferred to the second and then one third of the resulting water in the second vessel is
transferred to the first. Again, one fourth of the water in the first vessel is transferred to the

second and so on. How much water will remain in each vessel after carrying out the transfers
1729 times ?

O TTBRLT A 4T 7oT AN #If@ @R | 22N @ 4l AN o AGEie gaed F9 T6 G
TR TS FSR @s Tl @R[ YP AN GF GO 7T AU SAGHIA AT FII T | A,

YA AITS T @R YF AT 9 SR S TS Aata T e W @3 eifEmt awyre 990
TH | GIAE TP 1729 IR AN BAET IS ARS ARG AlTe Fuie fFue i AfFa?
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14.

15.

1 3
Ans : After 1st transfer, water in first vessel is 5 litres and that in second vessel is 5 litres.

3 1
In the 2nd transfer, one third of 5 ie. 5 litres is transferred back to the first vessel. So, each
vessel come to their original state with each containing 1 litre water. After the 3rd transfer,
3 5
first vessel has B litres and second has B litres. After the 4th transfer, both vessels again

contain 1 litre each. Observing the pattern, we see that after even number of transfers, both
vessels are in their original state of 1 litre each. So, after 1728 transfers, each vessel has 1

1
litre water. In the 1729th transfer, —— litres is transferred to the second vessel from the

1731
first. So, the first vessel has ——— litres and the second vessel has ﬁ litres.
1730 1730

Each of the letters F, I, V, E in the following multiplication stands for a different digit. Find
the values of the letters and hence complete the multiplication.

TE9 SFAGIS F, 1, V, E A2 AXFE20R &fSha Qrabig 983 9Fd Jeacg | JRA@e09 A+
facfa a1 ©ree sFel ©ewes! e a1

F I V E
x F I V E
¥k % % |
¥k ok k
¥ ok %y
¥ * F
* %  * % * %

Ans : Observe that the unit digit of F x E should be F' and the unit digit of F' x E should
be E. Since the digits F,I,V, E are distinct, so by trial and error we get £ =4 and F = 6
or E=9and F = 1. But F =1 is not possible as it is given that there are 5 digits in the
last step of the multiplication. So, E =4 and F = 6. Now, unit digit of V' x E is I and that
of I x E is V. Since E is even so both V and I must be even. If V is 0 then I has to be 0
but that’s not possible as V' and I are distinct. So, the only possibilities are V' =2, I = 8 or
V =8, I =2. So, the number FIVE is either 6284 or 6824. The complete multiplication is

62384 ><6824
62814 6824
25136 27296
50272 13648
12568 54592
37704 40944

39488656 or 46566976

You are given 2025 consecutive integers, each written on a card and the cards are arranged
in ascending order. The sum of the integers on the cards is 24300.

(a) What is the integer on the first card ?

(b) What is the integer on the last card ?

(c) Is there any card with the integer 0 ? If yes, what is the serial number of that card ?
(Hint : Consider the integers as a,a+1,a+2,...... ,a+2024 and let the sum be S. Write S in

two different ways as S = a+(a+1)+...+(a+2024) and S = (a+2024) + (a+2023)+...+a
and add them.)
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(OIS 2025 B A< w12 72l fal Cay, RPIR Greieis F1os el ot @i FeTR Theve
TCEIAI LR | FTCARS A TG FLYPTIRI (@ 24300 |

(a) 2T FTCITS AF A FHLAHT 672
(b) T ITITS AT Y FALAIG! 7
(c) &Y AP 0 (B AFT (FIA FC ACRE? IH AR, FIOAFT GNF 979 fFH?

( 3fre: 4 @RI @ e MAPTIR BF a,a+ 1,a+2,...... La + 2024 % e @we TE
S S o MYeqN AT o2 /T 490 B/ S = a4 (a + 1) + ... + (a + 2024) «F
S = (a+2024) + (a +2023) + ...+ a A< O] ARS 2 F1 1)

Ans :
S=a +a+1)+... +(a+2024)

S = (a+2024) +(a+2023)+... +a

Adding, 25 = (2a + 2024) + (2a + 2024) + (2a + 2024) + ... (2a + 2024) (2025 terms). So,
25 =2025x2x (a+1012) i.e. 24300 = 2025(a+1012) i.e. a+1012 = 12 which gives a = —1000.
Thus, integer on the first card is -1000. Integer on the last card is —1000 + 2024 = 1014. The
card with integer 0 will be th card with the number —1000 + 1000 i.e. serial number 1001.

16. The numbers 2%** and 52°** are expanded and written on a page consecutively. How many
total digits have been written on the page ?

92024 g 52024 FeGT RBIfEe Tt T e GO Wbt Brs el 77 | (12 SPIsrs Yo fFwis!
e ferall Carm?

Ans : Let 22°% has m digits and 5%°?* has n digits. Observe that 10* is the smallest number
with k + 1 digits. So, 10™~! < 2202 < 10m and 10! < 5224 < 10", Multiplying, 10™"2 <
(2 x 5)22% < 10™™ je, 10mT72 < 10292 < 10™T™, 10™*T"2 is the smallest number with
m +n — 1 digits and 10™"" is the smallest number with m + n + 1 digits. The only power of
10 that lies between 10™t"~2 and 10™*" is 10™*t"~1, So, m +n — 1 = 2024 i.e. m +n = 2025.
So, there are 2025 digits written on the page.

17. Three possible ways of arranging the letters Vv, I and B in three different boxes are shown :

VI]1I|B I | V|B Bl I|V

(a) Write all possible ways of arranging the letters V, I and B in three different boxes. How
many such ways are there ?

(b) Write all possible ways of arranging the letters V, I, B and G in four boxes. You should
get 24 ways of arrangement.

(c) How many ways can the letters V, I, B, G and Y be arranged in five different boxes ?
(d) How many ways can the letters V, I, B, G, Y and O be arranged in six different boxes ?
(e) How many ways can the letters V, I, B, G, Y, O and R be arranged in seven different boxes

?

V, | SIF B Q420! fSfA 6! 5j2F IFbe FeiT ol bl 7e97F 43¢ fome ysl L2t

VI]1I]|B IV |B Bl I|V
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18.

(a) V, ] &< B WXICFE0! ol %< A0 FMEFIT FFCA AT 43¢0 oIl Sfevedi | corpa
TRAIE! AT 499 SCR?

(b) V, I, B ®I® G SIRSCH20! BIfGI 52T IF0© FCGIIS A0 FELF 49090 il Sferaan | qrapa
Bi Hfcee =R |

(c) V, 1, B, G ®IF Y SXICHI0! A0 2% AFbe feiagaced Jeq #{if<?
(d) V,1, B, G, Y &I® O SWIISCFLG! =IO 54T IF0© (N4 e +f1f<?
(e) V, 1, B, G, Y, O W% R WIXS(I20! H6! *F 0 PAMLICd F& A2

Ans : All possible ways of arranging the letters V, I and B in three different boxes are

| VIB | VBI | BIV | BVI | IBV [ IVB |

There are 6 possible ways.

All possible ways of arranging the letters V, I, B and G in three different boxes are

GVIB | GVBI | GBIV | GBVI | GIBV | GIVB
VIBG | VIGB | VBIG | VBGI | VGIB | VGBI
IVBG | IVGB | IBVG | IBGV | IGBV | IGVB
BGVI | BGIV | BVIG | BVGI | BIGV | BIVG

Observe that keeping first letter G, the remaining three letters can be arranged in 6 ways.
Similarly, keeping first letter V, the remaining three letters can be arranged in 6 ways. There
are 4 such options for the first letter. Total number of arrangements is 4 x 6 = 24.

Next, for arranging 5 letters, keeping one fixed at the first place, the remaining 4 letters can
be arranged in 24 ways as shown above. There are 5 options for the first place. So, total
number of arrangements is 5 x 24 = 120.

For arranging 6 letters, keeping one fixed at the first place, the remaining 5 letters can be
arranged in 120 ways as shown above. There are 6 options for the first place. So, total number
of arrangements is 6 x 120 = 720.

For arranging 7 letters, keeping one fixed at the first place, the remaining 6 letters can be
arranged in 720 ways as shown above. There are 7 options for the first place. So, total number
of arrangements is 7 x 720 = 5040.

(a) In how many parts can two distinct lines divide a plane ? Draw each possible case.

(b) In how many parts can three distinct lines divide a plane ? Draw each possible case.

(c) In how many parts can four distinct lines divide a plane ? Draw each possible case.

For example, one possible case is three distinct lines dividing a plane into 7 parts. Also, one
possible case for four distinct lines is dividing the plane into 10 parts.

(a) QU 52T (IUZ G FT@eTE [FAG! ©1© BN AT ? ARSI FBIY GOl SLFe 1 |
(b) fefemr 72 (R I Ao [FAE! SIS ©o1K “A1tg ? &SB! FVIY T W F7 |
(c) DI 72 (IUB QT HNoeTh [FANE! OIS ©oIF #{1(F ? ATSCE! FEIRY WOl Lo 1 |

TAIRIOFRCo, BT WS o1 TF (¥ fof el 52 (F418 927 A0 761 lore @l #H1Cq | &eH,
o @1 VIR A6 (02 ( HIfNCHE 52F (F418 Q2 ATeTF 1061 OIS ST AF |
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Ans : Two lines can divide a plane in 3 or 4 parts as shown below :

Three lines can divide a plane in 4, 6 or 7 parts in the following ways :

If four lines are all parallel to each other, then the plane is divided into 5 parts. If three of
the lines are parallel and the fourth is not then the plane is divided into 8 parts. If two of the
lines are parallel, then there are three possibilities. If remaining two lines are parallel to each
other, then the plane is divided into 9 parts. If the remaining two lines intersect at a point
on one of the two parallel lines, then the plane is divided into 9 parts and if they intersect at
a different point then the plane is divided into 10 parts.
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If no two lines are parallel, then there are three possibilities. If the lines are collinear then

the plane is divided into 8 parts. If three of the lines are collinear, then the plane is divided
into 10 parts. If no three lines are collinear, then the plane is divided into 11 parts.
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