Assam Academy of Mathematics
Assam Mathematics Olympiad 2024
Category III (Classes IX - XI)
1st September 2024

Full marks : 100 Time : 3 hours

There are 18 questions. Questions 1 to 5 carry 2 marks each. Questions 6 to 13 carry 5 marks
each. Questions 14 to 18 carry 10 marks each.
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There may be various other ways of solutions than those shown here. Queries or suggestions
regarding the solutions can be mailed to mail@aamonline.in
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1. How many 4 digit even numbers have all digits distinct ?
4 B! S fRM¥E Gl eSB! oy 31221 SitR A9 SWEIAR 7P HAF?

Ans : If it ends in 0 there are 9 x 8 x 7 options for the first, second and third digits. Otherwise
there are 4 options for the last digit, 8 options for the first digit (it can’t be 0 or the same as
the last digit), 8 options for the second digit and 7 options for the third digit. So there are
IXx8XT7T+8x8x7x4=2296 such numbers.

2. Point O is inside the triangle ABC. Prove that AO + OC < AB + BC.
O 790! fager ABC ¥ fowse @itz &¥id 1 @ AO + OC < AB + BC

Ans : We know sum of two sides of a triangle is greater than the third side. We join AO and
extend it to meet BC at D. We join OC.

In AABD, AB+ BD > AD ie. AB+ BD > AO + OD. In AODC, OD + DC > OC.
Adding, AB + BD + OD + DC > AO + OD + OC which gives AB + BC > AO + OC.

3. Find all integers n such that n? + 1 is divisible by n + 1.
O ABIRCEIT |G Fe p, o7 F91 ATS 12 + 1 FAE n + 1 & Kooy =01

Ans : We know (n + 1)|(n? — 1). Given, (n+ 1)|(n®> +1). So, (n+1)|(n?> +1) — (n?> — 1) = 2.
So,n+1=1,2—1,—21ie n=0,1,-2,—3.
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4. Consider a circle with radius 5 and centre 0. Two tangents are drawn from an external point
C to the circle at points X and Y on the circumference. A and B are points on CX and CY
respectively such that AB is a tangent at P. If CO = 13, find the perimeter of A ABC.

5 @B FPTE e O (@RS 8 Wb [Keavel 111 Fe< Jifegs b1 g ¢ 7 #I91 T3 “fafas a9
o i X @i Y & qor ™S O TF 1 A 9F B (2R WEE CX 9F (Y T 82[FS 4H
amwcﬁ\ w51 g Tte P e AB @@ = =91 I CO = 13 939, (908 AABC F A3
efm a1

Ans : Given CO = 13 and radius is 5. So, OX = 5. In right angled triangle CXO, CX =
VCO? — OX? = /132 — 52 = 12. Again, since lengths of tangents from an external point to a
circle are equal, so CX = CY = 12, Also, AP = AX and BP = BY. So, perimeter of AABC
is CA+AB+CB = CA+AP+PB+CB =CA+AX+BY+CB =CX+CY =12+12 = 24,

5. Let S(r) denotes the sum of the geometric series
124120 + 1272 +127% 4 - - - —l<r<1

Let S(a)S(—a) = 2024 for —1 < a < 1. Find 6(S(a) + S(—a)).

M S(r) &
124+ 127 + 1272 + 127 + -+ - - - —l<r<1
Q3 &Teres @AGR ST 3B 1 RS S(a)S(—a) = 2024, —1 < a < 11 63T 6(S(a)+S(—a))
3 W ey <4
Ans :
12 12
2024 = S(a)S(—a) = =o' 1=(—a)
, 12x12 18
=1—-a" = = —
2024 253
Therefore
12 12
S(a) + S(—a) = +

l—a 1—(—a)
_ 121 —a)+(1+a)]
1—a?

S0, 6(S(a) + S(—a)) = 2024.

AMO02024/Cat-III (2



6. If the equation 2° + az® + ba* + ca® 4+ dz? + ex + 499 = 0 has positive integer roots, find the
value of a.

W 26 + aa® + bat + ca® + da 4 ex + 499 = (0 FNFIBE GAAF ALE To AT, (9T ¢ I 7
4N

Ans : The equation is of degree 6. The product of the six roots is 499 which is a prime number.
Since the roots are positive integers, so one root is 499 and the other 5 roots are 1. Hence,
—a=Sum of roots =14+ 1+1+1+1+499 =504. So, a = —504.

7. Solve : (5 + 2\/5)12_5 + (5 — 2\/6)’”2_5 = 10.
TG I (54 2v/6) % + (5 — 2v/6)*" 75 = 10.
(5 —2v6)(5 + 2V/6) 1

Ans : Observe that 5 — 2v/6 = —
5426 5426

(5 +2v6)" 5 + (5 — 2v/6)* 5 = 10

z2-5
1
@(5 + 2\/6)$2_5 + (m) =10

= ((5 + 2\/5)9”25)2 —10(5+2v6)" " +1=0
= ((5 + 2x/6)$2—5)2 —2x5x (5+2V6)" P +25-24=0

= ((5 +2V6)" 5 — 5)2 =24 = (2V6)?
= (54 2v6)" % =5+ 26

Thus, either (5 + 2v/6)**5 = 5 + 2¢/6 which gives 22 — 5 = 1 i.e. 2 = +/6 or we have
(5 +2v6)*"75 = 5 — 2¢/6 which gives 2> — 5 = —1 i.e. = +2.

8. Find the number of functions from S = {1,2,3,...,20} to itself such that f(n) is a multiple
of 3 whenever n is a multiple of 4. How many of these functions are one one ?

S ={1,2,3,...,20) ARMSER *R}1 FNRAR (S o) QT A1 Ferey w7 TS 7 BY, 4 9
&fees R f(n) (51, 3 T GO &fTes 21 W TR fooge PG GlFRI?

Ans : There are 5 multiples of 4 in and 6 multiples of 3 in S = {1,2,3,...,20}. The multiples
of 4 can be mapped to the multiples of 3 in 6° ways. Remaining 15 numbers can be mapped to
any of the 20 numbers in 20'°. So number of functions is 6° x 20'5. If the functions are one
one then the 5 multiples of 4 can be mapped to the 6 multiples of 3 in 6 x5 x 4 x 3 x 2 = 6!
ways. The remaining 15 numbers can be mapped with 15 numbers in 15! ways. So, the number
of one one functions is 6! x 15!.

9. If a, b, c are positive real numbers, show that
(@®b+b3c+ Ad + d3a)(ab® + b® + cd® + da®) > 16a*b>2d>.
IM a, b, ¢ LIS AVI L, (8 WY& @

(a®b + bPc + Ad + d®a)(ab® + b + cd® + da®) > 16a*b*c*d? |
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Ans : Let a®b = 22, bc = 13, 3d = 13, d*a = x3 and ab® = y3, bc® = y3, cd® = 43, da® = y3.
(a®b + bPc + Ad + d*a)(ab® + bc® + cd® + da®)
= (el + a3 +ag+a) (i +vs +us +ua)
> (w191 + Toy2 + 23y3 + 14y4)* (By Cauchy Schwartz inequality)
— (@20 + B2 4+ A&+ d2a?)?
> (4(a®® x b’ x Pd* x d?a*)Y*)? (By AM GM inequality)
= 16a*b*c*d?

10. Find all prime numbers p such that 16p + 1 is a perfect cube.
TP ABIREE e 12 p o1 Sfevedt AT 16p 4 1 @B sjefam e 271

Sol. Let 16p+1 = ¢>. So, 16p = (¢ —1)(¢* + ¢+ 1). We observe that (¢*> + ¢+ 1) is always odd
irrespective of whether ¢ is odd or even. So, 16 must be a factor of (¢ — 1) and p must be a
multiple of (¢*> + ¢+ 1). But p is prime. So p = ¢* + ¢+ 1 and 16 = ¢ — 1, which gives ¢ = 17
and p = 17% + 17 + 1 = 307. Hence, p = 307 (a prime number) is the only possible value.

11. Consider a circle with diameter AB. M and N are points as shown in the figure. Using only
a pencil and a ruler construct a perpendicular from M to AB and a perpendicular from N to
AB extended. You are not allowed to use compass, protractor or any other angle measuring
device. Write all the steps of the construction and draw the corresponding diagrams. Justify
your construction with geometrical explanation.

AB IgS € b1 Kbl 7911 e (et g0l M =i N 961 g1 &9 coifeee e =it
I IR M I 9 AB (& U 7 QF N I 290 IS AB (& AT 7 QT I | FAE,
(IO TG N G (PICALFET (Fle (S TF LS TR | (OIS e Yhegeel Gy F47 |

N
.

e =

Ans : We join AM which intersects the circle at P. We join BM which intersects the circle at
Q. We join AQ and BP which intersect each other at 0. We join MO and extend it to meet the
diameter AB at R. Now, /APB = /AQB = 90°.
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12,

13.

14.

Thus, AQ and BP are altitudes of AM AB. But altitudes of a triangle are concurrent. Since
AQ, BP and MOR are concurrent so MOR must be the altitude through M. So, MOR is
perpendicular to AB.

Similar to the first case, we join AN which intersects the circle at X. We join BN which when
extended intersects the circle at Y. We join AY and BX which when extended intersect each
other at Z. We join NZ which meets AB extended at T. Now, /AY B = /AX B = 90°.

Thus, AY and BX are altitudes of ANAB. But altitudes of a triangle are concurrent. Since
AY Z, ZBX and NTZ are concurrent so NT'Z must be the altitude through N. So, NTZ is
perpendicular to AB extended.

How many sets of 3 numbers each can be formed from the first twenty natural numbers if no
two consecutive numbers are to be in a set ?

A B! T FeR AT GTFal [FNHo! A2 15 FF o111 T A AfSE! Aezfow fofibis
e AF WA (FICAT HeZ6TO3 YB! GNF AL TACH?

Ans : Three numbers can be chosen from twenty numbers in (230) = 1140 ways. But out of
these selections, there are some with two or three consecutive numbers. We need to exclude
these. There are 19 pairs of consecutive numbers i.e. (1,2),(2,3),...... ,(19,20). So, two
consecutive numbers can appear in 19 ways and for each such appearance, the third number
can be chosen in 18 ways. So, we exclude 19 x 18 = 342. But in this process, sets with three
consecutive numbers have been excluded twice. There are 18 such sets. So, we include them

once again. Thus, the required number of such sets is 1140 — 342 + 18 = 816.

Prove that for every positive integer n, the number 5" + 2 x 3"~! + 1 is a multiple of 8.
AN 9 (T S GeF A4S FALA nF AE, 57 + 2 x 371 + 1 ALY 89 »fres =71

Ans : For n = 1, 5" +2 x 3"! +1 = 8 which is a multiple of 8. Assume the induction
hypothesis that 5% 4+ 2 x 3¥=1 + 1 is a multiple of 8 for some k > 1. Then,

Bl p2x 3" +1=5x5"+3x2x3""+1
=505 +2x3FT 1) —2x2x 3" —4
= 5 x a multiple of 8 — 4(3"* +1)
=5 x a multiple of 8 — 4 x an even number
= Mutiple of 8

Hence, the result follows by induction.

Consider numbers of the form p* — ¢> where p and ¢ are primes greater than 3. Show that 24
is a common divisor of all such numbers. Is it the greatest such common divisor ? Justify.

P2 — ¢* TIFIRT FYRTZ RS 9 T p AT ¢ (202 3 O Tled GfeTs e 1 e @ @3
T FFCACE TR @57 AR TLAWVE 0202 24 | G20 (SEFA D AFA TAMT ZAE?
& e 41

Ans : p* —¢®> = (p—q)(p + q). Since p and ¢ are primes greater than 3, so they are odd. So,
p—q and p+ q are both even i.e. p> —¢* is a multiple of 4. We claim that at least one of p—gq
and p + ¢ is a multiple of 4. Suppose that none of them is a multiple of 4. So, both will be of
the form 4k + 2. In that case, their sum will be divisible by 4 but that is not possible as the
sum is 2p and p is odd. Hence, one of them is divisible by 4 so that p? — ¢? is divisible by 8.

Next, we show that p? — ¢* is also divisible by 3. Since p and ¢ are primes greater than 3, so
none of them is divisible by 3. So they are of the form 3k + 1 or 3k + 2. If both are of the
form 3k + 1, then p — ¢ is divisible by 3. If both are of the form 3k + 2, then p — ¢ is divisible
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by 3. If one is of the form 3k 4+ 1 and the other is of the form 3k + 2, then p + ¢ is divisible
by 3. So, in any case p? — ¢* is divisible by 3.

Hence, 24 is a common divisor of the numbers of the form p? — ¢*. Also, 24 is the greatest
such common divisor as 7% — 5% = 24.

15. A point is chosen on each side of a unit square (a square with all sides equal to 1). These
four points form a quadrilateral with sides a,b, c,d. Show that 2 < a? +b% +¢% +d? < 4 and
22<a+btctd<d

OBl GFF 909 (GEFE OB I T IR ALE A9 1 9FF) AfSE! I @2[F® GFoNT [
Ao @t 7o @ g BIfBIR @Bl Sge 19 SR AF AP AN 2Z a, b, ¢, d | (S @
2< 24+ +A+R<49ME 2V/2<a+b+c+d<4

Ans : We introduce the lengths z, vy, 2, ¢ as follows.

By Pythagoras theorem,

a* =2 +y°

0= (1—1)2+(1—ux)?
=1+ (1-2)?
d? =224+ (1 —y)?
A+ 0+ +dP = (1420 — 22) + (1 + 2% — 2y) + (1 + 227 — 22) + (1 + 2t — 2t)
1 1 1 1
a9 2= Z Z a9 (42— z
2+ (a: x—|—4)}+{2—|— (y y+4>
1 1 1 1
—+2(2—z+ = 2t —t+ =
2—|— (z z+4)}+{2+ < +4>}
! 2+2 = 2+2 = 2+2 I 2+2
) Y73 ) 2
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Now, 0 < z,y,2,t < 1,s0 that - <z — 1 y—
0<(@-3)<ho<(w-1)"<ho<(:-4)°<
It then follows that 2 < a? 4+ b% + 2 + d? < 4.

Again, by triangle inequality, a <z 4y, b< (1—z)+ (1 —t),c<(1—2)+t, d<z+ (1 —y).
Adding, a+b+c+d < 4.

Observe that from any real numbers m,n, we have
(m+n)? =m?+n?+2mn <m?+n?+m? +n? as 2mn < m? + n?

2
This gives m? + n? > @

So,

a+btcetd= a2+ 12+ /(1 =12+ (1—2)2+ /2 +(1—2)2+ 22+ (1 —y)?

(x + y)? (1—t+1—mx)? (t+1—2)2 (z+1—y)?
>l JUstetoal, Jlei e, et

1 4
= —(r4y+l—t+l—a+t+l—z4z2+1—y)=—=2V2

V2

>

Thus 2v2 < a+b+c+d < 4.

16. In AABC, the medians AD and C'E have lengths 18 and 27, respectively and AB = 24.
Extend C'E to intersect the circumcircle of AABC at F. Find the area of AAFB.

AABC © AD 9% C'E VGNE WY (208 @ 18 W 271 OE I (o9 IEe T4 2 Aqce 3
AABCH “f<qss F f7qe @n 31 AAF B I ife fqefy w1

Sol.
A
F 4
9

B\_D/C

Since the centroid G divides the median in the ratio 2 : 1. So AG =12, GD =6, CG = 18
and GE = 9. Also, AD and CE are medians, so BD = DC = £¢ and AE = EB =12,

(7) AMO02024/Cat-III



Now from the intersecting chord theorem,

FAx EB=FEC x EF

12 x 12
=FF =
27
16
=>FF = —.
3
Now,
1 92
27
= —+55
4
Also,
AAEF _FE
AAEG  EG
16
_ 3
9
16
27
1 2
AAFEF = —6 X —7 5%)
27 4
= 4/55.

But Fe is a median of AFAB. Therefore,

(AFAB) = 2(AAEF) = 8v/55.

17. For each natural number n, let p(n) denote the product of the digits of n. Find all n such
that p(n) = n* — 10n — 22,

(Hint : Show that p(n) < n for all n.)

2if T3t Freifee Fet 1 T A, €41 29 p(n) @ n T AHCHIBR ST I | QTN WG n

ey =91 AMTS p(n) = n? — 10n — 221

@fre: MYed @ T 1 T AR, p(n) < n )

Ans : Suppose that n has exactly k digits. Then n = 10*~ta +b, where a is the first digit and b

has k—1 digits. Since each digit can be at most 9, so p(n) < 9¥~1.q < 10*1.a < 10* 1.a+b = n.

So, p(n) < nie. n®—10n—22 < nie n®—1ln—22 <0 ie. (n— LE20)(p — U=v209) ),
—/209 V209 _

Thus, we have 1=y2% < p < H5209 o 1D — 13,

Now, observe that p(n) # 0 as n?> — 10n — 22 = 0 does not have integer roots. The roots are

10188 e, 54 /47. So, p(n) > 0. This gives n? —10n —22 > 0 ie. (n— (5+v47))(n— (5 —

VAT)) > 0 ie. n > 5+ V47 > 11.

Hence, 11 < n < 13. So, the only possible n is 12. It is easy to verify that 12?2 — 10 x 12 —22 =
144 — 120 — 22 = 2 = p(12).

18. Consider a regular hexagon. Draw all its diagonals. So you have 15 line segments joining the
6 vertices. Colour each side and diagonal either blue or red. (You may use dotted lines to
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distinguish if you do not have colours.) Show that no matter how you colour, there always
exists a triangle determined by the vertices which has all sides blue or all sides red.

«B1 A Toge A Ao T4 1 2 ABIRET I e 91 1 GfoA (19 967 6 BT Ay
AT 15 T ({2 AR | AfSTE! A8 AF AreFeE 3T Ta I ¢t 92 I (I SN
SHF R T3, (ST8 BN Fb Fh (I8 JIT A AN 1) MY @ @A R FICES, AR
SR 1 @R AP @51 fage AfFT T (MBIFIH! AL T e A q8 T

Ans : One possible colour combination is shown here. We can see that there are several
triangles which have all sides blue or all sides red. We now show that this always happens.
Since all possible lines are drawn, so from each vertex there will be 5 line segments. Consider
one such vertex A. Then by Pigeonhole principle, since 5 line segments are coloured using
two colours, so at least three of the line segments will have the same colour. Without loss of
generality, we assume AB, AC and AD are coloured blue. Then if we are to avoid blue triangle,
BC must be red and CD must be red. Now, if BD is given blue colour, then ABD becomes a
blue triangle and if BD is given red colour then BCD becomes a rd triangle. Thus, it is not
possible to have any colour combination without at least one red or blue triangle.

9) AMO02024/Cat-III



