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Mathematics and Chemistry

Dr. Anjumani Talukdar

E-mail: Anjumani4UQRediffmail.com

No human investigation can be called true science which has not passed through

mathematical demonstrations.

— Leonardo da Vinci

The great book of nature is written in the mathematical language, ... without whose help

it is impossible to comprehend a single word of it.

— Galileo

I believe that one may ascribe to every study of nature only so much scientific character

as it contains mathematics.

— Immanuel Kant

The chemistry world encompasses the discovery of molecules to the atoms that occur in nature.
There are 92 naturally occurring types of atoms that elements come in, where the atoms differ in
their atomic weight. Since the beginnings of chemistry, mathematics was used to create quantitative
and qualitative (non-numerical) models for helping to know the world of chemistry by understanding
the elements that make up molecules. Numbers have been used to understand the structure of these
elements and to classify them into families with similar kinds of chemical properties. This leads to
the idea of the periodic table - to try to organize the elements into “clusters” which have similar

properties, and then use this information to understand the properties of these elements.

An atom is made up of particles which are known as protons, neutrons, and electrons. The
big issue is the measurement of these tiny sub atomic particles. Protons, neutrons, and electrons
have mass and they have electrical charge (or are electrically neutral), and mass and charge can

be measured. Relationships between the mass and charge of atomic particles helped chemists get
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insight into the nature of atoms and the molecules these atoms can form. Mathematics is an essential
and integral component of all of the scientific disciplines, and its applications within chemistry are
numerous and widespread. Mathematics allows a chemist to understand a range of important
concepts, model physical scenarios, and solve problems. Chemists, also follow patterns just like

mathematicians do to find a result.

Chemistry is a rich and complex science, exhibiting a diversity of reproducible and precisely
describable predictions. Many predictions are quantitative numerical predictions and also many are
of a qualitative nature, though both are susceptible to sophisticated mathematical formalization.
People have encountered the use of the use of mathematics within chemistry in the early stage of
chemistry learning, for example the use of ratios in mixing solutions and making dilutions or the
use of logarithms in understanding the pH scale. As moving to higher studies it has been seen that
mathematics has increasingly been used to explain chemistry concepts in more sophisticated ways, for
example the use of vectors in understanding the structures of crystals, or numerical approximations
of ordinary differential equations (ODEs) in kinetics to predict the rates and mechanisms of chemical
reactions. The mathematics may be from any of many diverse mathematical areas, and some areas
of mathematics such as ordinary differential equations; partial differential equations; group theory
Lie algebras; combinatorics; graph theory; the theory of partially ordered sets and lattices; linear
algebra and matrix theory; probability theory and statistics; might naturally prove more fruitful for

chemistry.

The ability to understand and apply mathematics will be important regardless of the branch
of chemistry one is studying, be it the more traditional areas of inorganic, organic and physical
chemistry or some of the newer areas of the subject such as biochemistry, analytical and
environmental chemistry. The relations of mathematical chemistry to the different fields of chemistry
and especially to physical chemistry and chemical physics bear further examination. But these
relations have much to do with broad historical trends of development not only in chemistry, but

also in physics and in mathematics.
We now look at some of the different ways in which mathematics is used in chemistry.
Balancing

One interaction of mathematics and chemistry that is so familiar now that it is taken for granted,
is the way certain quantities are balanced or preserved when a chemical reaction occurs. In a
chemical reaction the masses of the inputs to the reaction must be the same as the masses of the

products produced by the reaction.

A good example of the complex ways mathematics helps one to understand chemical issues is
the recent concern with rising levels of carbon dioxide in the atmosphere, and the pollution that
comes from using coal as a source of energy. One way to deal with the issue of the negative aspects
of burning coal is to use more natural gas, whenever possible, as a source of energy. One of the

major components of natural gas is methane. Methane is an example of a hydrocarbon, a molecule
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made up of hydrogen and carbon atoms. Methane when ignited undergoes a chemical reaction that
releases energy. The energy is in part stored in the bonds that keep the molecule from separating

into the components that make up methane - the hydrogen and carbon atoms.

1CH4 + 205 — 1C0O5 4+ 2H50

In the above chemical reaction, if one knows that methane and oxygen mix to produce carbon
dioxide and water, the question is how much of each of the “reagents” are involved? Where do the

coefficient numbers shown for the chemical reaction above, the 1,2, 1,2 respectively, come from?

It turns out that one can use ideas from the algebra learned in high school (or in a linear algebra
class) to use systems of linear equations to “balance” chemical reactions in this spirit. The idea is to
introduce letters for the molecules involved and then to use chemical principles for producing these
equations. For example, in the equation above we have four molecules CHy, Og,CO2, and H>O.
Suppose we use the letters x,y, z, w for the numbers of these molecules, respectively. We can then
deduce relationships between the values of x,y, z and w. Since C (carbon) appears on the left and
right of the “equation” we can say that © = z. What about O (oxygen)? We have 2y = 2z + w
because there are two oxygen atoms on the left, and two atoms in the carbon dioxide and one in the
water. Finally, for Hydrogen (H), we have 4 = 2w. Notice here we have more “unknowns” than
equations and if there is a way to balance this reaction we will need to use nonnegative integers as

the values for z,y and z.
Graph theory in chemistry

The value of graph theory to chemistry started to become apparent in the 19th century. Work by
two British mathematicians, Arthur Cayley and James Joseph Sylvester, laid the ground for a long
tradition of successful use of graph theoretical ideas in chemistry. It was Sylvester that we have to

thank for introducing this second sense of the word “graph”.

It is Cayley’s work in using what are today called graphs in chemistry that is quite significant
in terms of what he accomplished and what it inspired people, who followed him to do. Cayley,
pioneer that he was here, had to develop his own terminology. He used the terms plerograms and
kenograms for the two kinds of graphs that one might consider when studying hydrocarbons which
are trees (graphs in one piece, with no circuits) when drawn as graphs. The plerogram would show
all of the atoms of the molecule involved, hydrogen as well as carbon atoms. The kenogram would

show only the carbon atoms.
Spectroscopy

Spectroscopic theory with a strong mathematical flavor developed enormously during the 20th
century, with foundational work on rotational, vibrational, and electronic spectra, as well as
molecular excitonic spectra, electron-spin resonance, and nuclear magnetic resonance. The Nobel

prize to G. Herzberg was for (implicitly mathematical) deductions from electronic spectra of features
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of electronic potential curves or surfaces. With the availability of suitable high-performance
electronics, there has further followed mathematical (and experimental) development of general
Fourier-transform, multi-photon, nonlinear, and multi-dimensional spectroscopies (which indeed
have garnered a Nobel prize). Further there are different (e.g., mass) spectroscopies based on other
than electromagnetic waves. Various important applications of mathematics to chemistry involve
spectra. When a molecule transfers from one energy state to another, some “mark” of the molecule
can be determined, i.e. different molecules can be identified because the measurements in energy

changes are characteristic of specific molecules.

This work involves the idea of eigenvalues of matrices (array or table of numbers) and other topics
in linear algebra and operator theory. One goal of this work is to be able to see what molecules are
present in different parts of the visible universe. Molecules of different kinds far away from Earth
can be determined by a technique called spectroscopy. Mathematics has played a big role in helping

with spectroscopy.
Quantum mechanics

Quantum mechanics has proved to be exceedingly successful in understanding the physical
world. Chemistry, as much as physics, has benefited from insights from quantum mechanics, and

mathematics plays an important role in quantum mechanics.
Thermodynamics

Foundational equilibrium thermodynamics was begun long ago in a mathematical mode, e.g., by
A. Avogadro and H.L. Le Chatelier and most especially by R. Clausius, then also by J.H. van ‘t
Hoff, W. Ostwald, S. Arrhenius, J.W. Gibbs, W. Nernst, F. Haber, and G.N. Lewis. This early work

received several Nobel prizes.
Statistical mechanics

Equilibrium statistical mechanics was also begun a little over a century ago by Gibbs and
many others (often physicists, like Maxwell and Boltzmann), all in a highly mathematical mode.
Later (mathematical) developments arise with J. Mayer’s and others graphical cluster expansions
for statistical-mechanical thermodynamic properties, with E. Montroll’s powerful transfer-matrix

methodology for the solution of partition functions.
Electrochemistry

In the field of electrochemistry different notable Scientist like H. Davy, M. Faraday and G.
Kirchhoff have developed many theories using mathematical ideas. (Especially Kirchoff’s work is
accepted as mathematical, while the mathematically uneducated Faraday ended up founding ‘field
theory’.) More recent mathematical contributions are encountered with P. W. Debye and E. Hiickel
in their theory of ionic solutions (and activity coefficients), or with R. M. Fuoss and L. Onsager and

others in the theory of conduction in ionic solutions, or with R. Marcus in his Nobel-Prize winning
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work on structure-mediated charge transfer.
Crystallography

Mathematical crystallography developed classically with the identification of the Bravais lattices
and crystal classes, followed by the seminal identification of crystallographic space groups by
Schoenflies and Fedorov. An especially nice (and extremely useful) pure mathematical development
is that of J. Karle and P. Hauptmann (who shared a Nobel prize for their joint work on the inversion

of x-ray scattering data to crystal structures.

Diffractive methods include both electron and x-ray diffraction methodologies, and in application
to crystals has much overlap with mathematical crystallography. There is mathematical work on
molecular excitons, on Burdett’s characterizations of band structure, and on yet other notable

aspects of solid-state theory.

The main fundamental mathematical equation of X-ray crystallography is the Bragg’s equation
2dsinf = nA,

where n is an integer determined by the order given, \ is the wavelength of x-rays, and moving
electrons, protons and neutrons, d is the spacing between the planes in the atomic lattice, and 6 is

the angle between the incident ray and the scattering planes.

A diffraction pattern is obtained by measuring the intensity of scattered waves as a function of
scattering angle. Applying Bragg’s law, each dot (or reflection) in the diffraction pattern above
forms from the constructive interference of X-rays passing through a crystal. The data can be used

to determine the crystal’s atomic structure.
Stereochemistry

The stereochemistry area includes Pauling’s fundamental molecular geometric hybridization rules,
informative analyses of inversions or internal rotations or pseudorotations (as in cyclopentane), and
Lipscomb’s Nobel-prize winning work as well as that of others treating boranes (as a prototypical
case manifesting the effects of non-classical bonding) and related novel structures. Also, there is
continuing work with isomers, with molecular geometry characterization, with the Ruch-Schonhofer
chirality characterization, with degrees of achirality and asymmetry, with extensions of chirality

characterizations, with molecular shape, and with molecular knottedness.
Polymer statistics

Polymer statistics concerns the conformation-mediated and structure mediated properties of
polymers (especially high polymers), with foundational mathematical chemical (Nobel-prize-
winning) work both by P. J. Flory and by P. G. DeGennes, particularly as to the manner of polymer
size-scaling as a function of their length, and other control parameters. Monte-Carlo methods have

been developed and have proved useful. But there are many further mathematical approaches. Also,
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the field has further blossomed with the development of dendrimers, supramolecular structures, and

other large-scale morphological characterizations.
Nanotechnology

Recently, chemical nanotechnology has emerged as an interesting and greatly promising separate
field, following the development of carbon nanotubes and focused on organic syntheses of novel
interconnected nanostructures; there being notable theoretical work and different mathematically
oriented articles, some concerning general theory. As examples for particular nanostructures, there
are considerations of nanoknots, nano-links, nanotubes, their caps, nano-tori, nano-cones, nanobelts,
Mobius nano-strips, and various negatively curved structures, and yet further there are more
elaborate molecular devices, such as molecular motors. Most recently there is incredible activity

(with reviews) concerning graphene (including a Nobel prize).

The application mathematics in the field of chemistry is broad with a long and incredibly rich
history of over a century of developments. It is emphasized that mathematics is an integral part
of fundamental science in general, and chemistry in particular, so that a subdiscipline such as
mathematical chemistry is naturally anticipated — or perhaps even demanded. Reflecting chemistry
as a whole, it is not surprising that the field is rich and diverse. Mathematical and theoretical
chemistry are seen to be at the foundation of the science of chemistry A substantial part of
mathematical chemistry has been embedded in physical chemistry (where the connection to physics
rather than mathematics has been emphasized), and other substantial portions of mathematical
chemistry have been embedded in chemical structure, notation, and concepts — where often the
nonnumerical and non-geometrical nature of the relevant mathematics has led many to view such
ideas as non-mathematical. Mathematical chemistry is seen to contact all ‘classical’ chemical fields:
inorganic, organic, analytical, biochemical, and physical. Evidently some areas of mathematical
chemistry have much contact with chemical physics, physics, mathematical physics, or even with
biology or mathematical biology. Indeed, the appearance of mathematical chemistry in different
chemical fields, the general relevance of mathematical chemistry is well recognized in terms of the
numerous examples of associated Nobel prizes awarded. Those who contribute to chemistry have
training in chemistry, they can still put to use the mathematics they learn in support of their research
into chemistry. However, it is also true that people who start as mathematics majors can become
very distinguished research chemists. One dramatic example is the career of Herbert Hauptman,
who started out as a mathematics major (at City College in New York) but eventually went on to

win the Nobel Prize in Chemistry.
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“What is the application of Mathematics in real life?” In our life, at least once, we have been
asked this question, or we have asked it to ourselves. In this short article we show one application

of mathematics in real life.

Suppose you live in a different city than your parents and you want to send your newly acquired
debit card number and its pin to your parents, how can you be so sure that the number doesn’t get
leaked on its way to your parents inbox? Well, the prime numbers are behind the process by which

a text we send to someone through the internet is secure.

Cryptography is the method that is behind the protection of our information so that only those
for whom the information is intended to can read and access it. One of the algorithms that
cryptography works on, is the RSA algorithm. The three letters in the name represent the names of
three cryptographers who invented it. In 1977, Ronald Rivest, Adi Shamir and Leonard Adleman,
these three cryptographers came up with a public-key cryptography algorithm. Encryption is the
process of converting your information to some specific code to prevent unwanted access. The RSA
algorithm consists of one encryption key (N, e) and one decryption key (NN,d). What are these e, N
and d? They are nothing but some very large real numbers. We will explain the process briefly in

this article.

Say you want to send a text T' to your friend. Your friend (well, his device actually) will choose
two prime numbers p and q. Now these two primes are known to your friend only. Why? Because
he doesn’t want your message to him get leaked on the way to him. He will multiply the primes
to get N, where N = p x ¢ and another number e, where e is less than and co-prime number to
(p—1) x (¢ —1). These N and e together form a key, called, the public key (N,e). As its name

says, it then gets published on the server, that is, anyone can access (N, e).
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Now it’s your turn. You will access (N, e) (remember that it is a public key, that is why you can
access it). You will then first convert your text to number format, say, a number M, and will find
M¢ (mod N). Let K = M¢ (mod N). Now your original text has been encrypted to a completely

new number. Hence, you will send your encrypted message to your friend.

The last step is again done by your friend. Now it?s his turn to decrypt the encrypted message
sent by you and thus access the original message that he was supposed to get. What he will do is
find a number d, such that e x d = 1 (mod (p — 1)(q — 1)) and then calculate K¢ (mod N) to get

the original text.

Let us work with proper numbers and see this process in action. Let us suppose, you want to

send a text “Hi” to your friend.

Step 1: Making public and private key

(i) First, your friend will choose two primes, in this case, say, p = 11,q = 13.
(ii) N=pxq=11%13 = 143.
(iii) e is any number less than and co-prime number to (p—1) x (¢—1) = (11 —1) x (13 —-1) = 120.
Let your friend choose e as 7 which is co-prime to 120.

(iv) Then he will make these two numbers (N, e) = (143, 7) public.

Step 2: Encrypting your text

(i) You will get the public key (143,7), as it is public and everyone has access to it.

(ii) You will then convert your text ‘Hi’ to a number. Say, in this case, we assume,

Then H = 8, and ¢ = 9. Then ‘Hi’ will be simply 89 (value of M in our case).
(iii) M® (mod N) =897 (mod 143) = 67.

(iv) Your system will then send 67 to your friend.

Step 3: Decrypting your text

(i) Your friend will find out the value of d, such that e xd =1 (mod (p—1)(¢—1)), that is, 7d =1
(mod 120). A simple algorithm can be made to solve d, which in our case will be 103, as 7 x 103
(mod 120) = 721 (mod 120) = 1.

(ii) Taking d = 103, he calculates K¢ (mod N) = 67'%3 (mod 143) = 89.

(iii) Convert number to text using the same technique, assuming a = 1,b = 2 and so on. For 89,

your friend then gets the original message “Hi”.
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Algorithm for finding d

We have, e x d =1 (mod (p — 1)(¢ — 1)), that is, (e x d — 1) (mod (p — 1)(¢ — 1)) = 0, where e,p

and ¢ are known.

for (i =2 ; 1> 0 ; i++)

{

if ((exi - 1) mod (p-1) * (g-1) ==0)
{

d = 1i;

break;

Role of Primes

Now comes the question, what the actual role of primes in this algorithm is. Suppose, your friend
publishes the public key (N, e). Now not only you, but everyone has access to it. When you encrypt
your message and send it to your friend, say, a stranger wants to access your secret message. So
basically, in the above-mentioned example, he wants to convert the encrypted message 67 to the
original message ‘Hi’. Can he do it? Remember, he has also access to the public key (143,7) and
he knows how the RSA algorithm works. So, all he needs to do is to find the value of d.

He has N = 143,e = 7, encrypted code 67. But to find d, he must know the value of p and g¢.
Because the only formula to get the value of dis e x d =1 (mod (p —1)(¢ — 1)). But p and ¢ are
nothing but two prime factors of 143. And the stranger knows the number 143. He will therefore
try to factorize 143. If he succeeds in factorizing it to 11 x 13, he gets the value of d, consequently
the secret text. The question is, then how is this algorithm secure. Well, for 143, it is not very
difficult. But, what if, instead of 11 and 13 as primes, your friend chooses p = 7907 and ¢ = 7919,
hence N = 7907 x 7919 = 62615533. Will the stranger be able to find the prime factors so easily as
earlier? It is easier to multiply two large primes to get a larger N than to factorize a large N. And
if someone can’t find p and ¢, then they can’t find the value of d, and so can’t access the secret text.
As p and ¢ are known only to your friend, only he will be able to decrypt your secret text using
the value of d in the specified formula. So, the key point of this algorithm is to choose two prime
numbers as large as possible to get another larger number so that the process can’t be reversed, that

is, no one can break it into the original two prime numbers.

In the modern century, technology is developed so fast. There are powerful super computers
which can factorize a large number to its prime factors. But everything has its limit. Even in the
current decade, only 1024-bit primes can be prime factorized. So, now-a-days, many of the banks or
websites like Twitter, etc. are using 2048-bit number which can’t be factorized at the current time.

But soon, as technology develops, someone will find some efficient algorithm to find prime factors
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of these large numbers too. The goal, therefore, for us is to find larger primes as they play a huge

role in the process.

Finding large primes

The density of prime numbers decreases as we move to the right in the real line. So, it becomes
difficult to find new prime numbers. There are several methods to find new primes or check if a
number is prime or not. Mersenne Prime are one class of prime numbers which yields such a method.
These primes are of the form 27 — 1, where P is also a prime. To check if for some prime P and
2P — 1 are primes or not, a test called Lucas-Lehmer Primality Test is used. It states that: For any
prime p > 2,28 — 1 is prime if and only if it divides ap—2, where a, = 4 and a,, is recursively defined
by an = (an_1)?> —2, forn > 1.

If 2P — 1 is prime, then it is obviously much larger then the prime P. In the 17th century, when
French mathematician Marin Mersenne discovered these primes, it might seem like they were of no
use. But the whole privacy system in this modern world depends on these primes! Numbers are

interesting indeed!

Ronald Rivest, Adi Shamir and Leonard Adleman
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Why are too many choices and incentives bad
for an individual? How does everybody in a gath-
ering hesitate to reach out for the last piece of
cake? What motivates a driver to worship the God
for saving him from an accident rather than wear-
ing the seatbelt? Can a poor person be trusted
to be making good decisions? Could the Citizen-
ship Amendment Act in India be averted by in-
cluding an MP from the communities persecuted
in the countries listed in it? Can Economics give
answers to all these questions? Yes, it can! More
importantly, such are the concepts, that they need

neither a graph nor an equation to understand!

The Small things: It is always exciting to
read a friend in print. The excitement intrigues
when the friend starts his book with something
close to one?s family, place, and culture. Prof.
Sudipta Sarangi was my supervisor at Louisiana
State University, USA during my PostDoctoral
stint. He is currently the Head of the Department
of Economics at Virginia Tech University, USA. He
has visited Dibrugarh University on several occa-
sions. Every time he visits me or I meet him some-

where in the world, we discuss the “Economics of
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Small Things”. He tries to draw analogies of the
“small things?” that happen around us with the
hard to appreciate theory that exists in the text-
books of Economics and by doing this, he wants
to build an organic connection between theory and
practice. These ideas have recently culminated in
a compilation of essays first he wrote in the Hindu
business line and now as a book called the “Eco-
nomics of Small Things” published by Penguin.
The book features twenty-five essays on various
sociological and behavioural aspects of human ac-
tivities. The key ideas of the book can be traced
back to some very fundamental principles of Eco-
nomics. In the following, I would like to briefly
mention these principles and their connections to

the small things around us.

Why incentives are important? Economics
is mostly about incentives: be it material or psy-
chological. Citing many examples that the com-
mon audience can relate with, Prof. Sarangi jus-
tifies why providing incentives has both good and
bad outcomes. While giving incentives to the do-
mestic help in India can ease out, to some extent

the common issue of their retention, their unmon-
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itored and unsolicited use may lead to situations
like “moral hazards?”. A typical example is pro-
viding reservation benefits to a section of people in
the society may invite more undeserving people as
beneficiaries. Similar is the case with the provision
of car insurance or wearing of a seatbelt that may
make the driver drive more and more recklessly.
Prof. Sarangi suggests that there should be a bal-
ance between “incentives?” and their “unintended

consequences” .

The heterogeneity that makes a differ-
ence! The society we live in is full of heterogene-
ity: heterogeneity of choice, preference, informa-
tion, and tastes, etc. For each of these attributes,
there arises a nice story to portray intuitive human
behaviour. The idea of product differentiation, for
example, is efficiently used by the big marketing
firms to exploit heterogeneity in consumer char-
acteristics. One way of doing this is by produc-
ing several types of commodities with little or no
differences in tastes or qualities. This explanation
beautifully fits to the abundance of several variants
of toothpaste or breakfast cereals in the market
with slightly different tastes that appeal to differ-
ent market segments characteristic of their income

and taste differentials.

Complementarity matters! The notion of
complementarity can be observed in many eco-
nomic situations. A very interesting metaphor is
the human instincts that is compared with the
“crabs in a big bucket with no lid”. The story tells
that no crab in the bucket would allow the other
crabs to forge ahead and therefore, the chance of
rising high by individual crabs is significantly low.
This behaviour in general is synonymous with peer
jealousy whereas Prof. Sarangi argues that the
possibility of reduced group performance by losing
the rising crab would be the driving force of such

crabby behaviour! There are many more such in-
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teresting sorties in the book to explain the com-
plementarity prevalent in the society around us.
He has a very interesting solution to the common
problem of chappal theft in the Indian temples that

uses the idea of complementarity.
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Why Information asymmetry makes a
difference? The word is full of information asym-
metry. Despite living in such an asymmetric
world, one has to take decisions, predict others?
behaviours, or build an impression of something
which is not fully known to one. Is carrying a
fountain pen in the front pocket a signal of an
educated person? What connection does it have
with the last piece of pizza that visibly remains
on the table in a gathering? Prof. Sarangi ar-

gues that this can be explained by the notion of
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common knowledge that everybody wants to grab
the opportunity of showing her/his superiority by
simply announcing that she/he does not want the
last piece. The success of the Grameen Bank in
Bangladesh initiated by the Economist and Nobel
Laureate Md. Yunus has a fair share of the idea
of information asymmetry. The responsibility of
repaying the bank loans by a group of individuals
is shared equally and by this, they would minimize
the risk of not paying their individual loans even
though all these agents possess different level of

information about each other.

Poor people are bad decision maker?
Prof. Sarangi has referred to several experimental
studies to show that our decision-making capacity
is affected by poverty. Thus, being poor affects
our cognitive ability for which he suggests that
while making plans for the development programs
for the poor section of the society, sufficient mea-
sures should be taken to educate them, to make
them aware of these programs in an as simple as
possible manner. Moreover, age is another factor
that affects our cognitive capacity. Therefore, too
many options for choosing from can never be bet-
ter, especially for the older generation. This idea is
exploited by the marketing firms to have benefited
from poor decisions by the customers. This es-
sentially explains why we have so many insurance

plans or pension plans to choose from.

Strategic Behaviour makes a difference:
When two or more people interact for their own
benefits, it is important for them to think strate-
gically and plan to maximize their utilities accord-
ingly. Trust and reputation are some of the at-
tributes that complement the strategic behavior of
individuals. Imagine two people sitting on a dual
and trying to hold their breadths as long as possi-
ble. Whoever holds his breadth for a period longer
than the other will be the winner. But by holding

breadth for ever one can die. This is indeed the
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situation, Game Theorists would call the Game of
Chicken! It is the honour and reputation of the
individuals that matters more than their lives. A
typical example can be the longtime stand-off be-
tween the Indian and the Chinese army in Ladakh
where no one wants to play a back-foot in order
to keep their honour and reputation in front of the

citizens back in their respective countries.

Simple law of supply and demand: This
story was told by Prof. Sarangi during his visit
to Dibrugarh last year when I asked him why the
best tea produced in Assam could not be accessed
in Assam, but somewhere else in the world? He
addressed my question indirectly by answering an
augmented question: why the best mangoes of In-
dia are never found in India but are exported to the
first world countries? This according to him is a
clear application of the simple laws of supply and
demand. Then there are similar explanations of
why the Indian drivers are reluctant to wear seat-
belts and rather would like to worship the Gods

for saving them from accidents.

The beauty of the book lies in its bringing dif-
ferent analogies of economic situations with the
subsequent unconventional explanations through
the lenses of the subject Economics. The Intro-
duction provides a bunch of small stories that are
neatly woven to the subsequent chapters. It was
a sheer delight to go back to the introduction af-
ter I had finished the book. This made further
strengthening of the relations between those sor-
ties and their explanations in the subsequent chap-
ters. I felt speechless when I first saw that the In-
troduction started with my reference in Dibrugarh
describing my luxury of the morning tea on a fine
bone china cup. Such an unusual style of introduc-
ing a subject, I have rarely come across! This is
essentially the essence of the book and I am sure,
the reader will not be deprived of it till the end.
Happy reading!
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Diophantine Approximation and Its
Importance

Abhishek Sarma

Numbers have always fascinated human beings. The world of science would certainly not be able
to do anything without numbers. So it is very important for us to understand them. The first
numbers known to humans were the natural numbers, that is, the numbers 1, 2, 3, .... As Leopold
Kronecker famously said “God created the natural numbers. All else is the work of man.” In this

article, we will learn about understanding real numbers and their behaviour.

The reason we are interested in it is because we want to understand how real numbers behave,
especially the irrational numbers. We know that an irrational number is a real number that cannot
be expressed in the form 22, where p and q are integers. The properties of natural numbers, integers,
rational numbers are easy to be understood, but the problem lies in the understanding of irrational
numbers. These are the numbers that are non terminating and non recurring, i.e., their decimal
expansion never ends and that too without any pattern. In these circumstances it is really difficult
to predict the behaviour of irrational numbers. So, mathematicians tried to understand them by
approximating them with the help of rational numbers. The study of approximating real numbers
with the help of rational numbers is called Diophantine approximation. Also, many important ideas

in Number Theory stem from notions of Diophantine approximation.

We begin by defining the notion of a simple continued fraction expansion.

Definition 1. A simple continued fraction expansion for a real number a is given by:

1

a = ag+ ’

1

ay +
1
“r T
. . + I
an
where n is a nonnegative integer and ag is an integer and a; is positive for i =1,2,3,...,n.
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The numbers ag, aq,...,a, are called partial denominators. For simplicity, conventionally, the
simple continued fraction above is denoted by [ag; a1, ..., a,]. The simple continued fraction made
from [ap;az1,...,a,] by cutting off the expansion after the kth partial denominator aj is called
the kth convergent of the given simple continued fraction and is denoted by C%; in symbols,

Ck = [ao;al,...,ak].

Convergents are very mportant in the theory of Diophantine approximation. This is because cover-

gents are the closest approximations to any real number. This is explained in the following theorem:

a
Theorem 2. For any rational number 3 such that 1 < b < q, we have

<‘ a
r——|.
b

' Pk
L P
ak

Equality in the last relation holds if pr = a and q = b.

This helps us to find targets for making better approximations of a real number. We'll take a

look at how this works with the help of a few examples.

Example. Let us take the example of m. The simple continued fraction for 7 is given by [3;
22 333 355 103993

7,15, 1,292 1, 1, 1, 2, 1, 3, 1, 14, ... ith 3, —, —, —

) ) ) ) 9 ) ) 9 ) 9y ) ) ]7 w1 9 7 9 1067 113? an 33102
convergents. For a better understanding let us write 7 as

being the first few

1
r=34+—

T+ —
1
15+ —

Clearly, the first convergent is 3. The second convergent is calculated as follows: We cut down the

1 2141
expression at the point where 7 is the denominator. So, the second convergent is 3 + 7= ;— =

= Similarly, other convergents can be calculated.

Next we observe the following: Consider the convergent - of m. From the above theorem, We

have

22 <‘ a
r— — r——|.
7|~ b

22
for any a,b € Z. That is, the fraction — is closer to m than any other rational number whose
denominator b is such that 1 < b < 7. A natural question now is what happens when the denomi-

a
nator b of 7 is greater than 7. In that case we choose the next convergent of m, i.e., 106 and now

22
this is a better approximation of 7 than — as now it is closer to any other rational number whose
denominator b is such that 1 < b < 106. From here we can understand that as we go searching for

more convergents we end up with better approximations of 7. For other irrational numbers too, the
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same idea can be applied to approximate them.

Another interesting theorem is the Dirichlet approximation theorem. The theorem is as follows:
Theorem 3. (Dirichlet approximation theorem). Let x € R and let Q be a real number exceeding 1.
Then there exist integers p and q with 1 < q¢ < @ and (p, q) = 1 such that
gz —pl <
qQr —pl > ~-
Q
Proof. This proof is a beautiful application of the box theorem or the pigeonhole principle.
Write N = [Q], and consider the N 4 1 real numbers

0,1, {:U},{Q}, T 7{(N - 1)1’},

where {x} is the fractional part of x. These N + 1 real numbers all lie in the interval [0, 1]. But
if we divide this unit interval into N disjoint intervals of length 1/N, it follows that there must be
two numbers from the above set which necessarily lie in the same interval. The difference between
these two real numbers has the form gx —p where p and ¢ are integers such that 1 < ¢ < N Thus we

1
deduce that there exist integers p and g with 1 < ¢ < @ such that |gz — p| < 0 The reason (p, q)

= 1, is because we want Pin lowest terms. Otherwise, the coprimality can be seen if we divide both

q
sides of the inequality by (p, q).

Corollary. For any irrational number x, there exist infinitely many pairs of integers p, ¢ for which

x—p’§

1
q 2

q

From the above corollary, we can see that if we want to approximate an irrational number with
the help of a rational number within a distance of 100° then we have to make sure that the conver-

gent we are choosing should not have a denominator greater than 10.

As one can observe, the continued fraction expansion of 7 is infinite. A natural question that
comes to our mind is whether this will happen for all irrational numbers! The answer is indeed
true. Another question that might come to our mind is whether the continued fraction expansion
of rational numbers is finite! The situation in this case is that, in case of rational numbers the

continued fraction expansion is finite. Which brings us to the following theorem:

Theorem 4. A real number is rational if and only if the continued fraction expansion associated
with it is finite and, a real number is an irrational number if and only if the continued fraction

expansion associated with it is infinite.

The case of an irrational number is w. Let us now understand what happens in the case of a

rational number with the help of an example.
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15
Example. Let us choose the rational number = Now we can write

15 1
S22y
7 %7

This will happen with all the rational numbers. Now, as the example shows that all the rational
numbers have a finite convergent, it is very easy to understand them because we can study the prop-
erties of all the convergents and understand their behaviour with the help of all the convergents.
Unlike rational numbers, we cannot write all the convergents of irrational numbers. So, we can only
understand them by getting close to them and the best possible way to do it is by taking the help

of rational numbers whose properties are easier to understand.

The reader should now be in a better position to realise the importance of Diophantine approx-

imation. It is advised to the reader take a look at the proofs of the theorems and the corollary

1+5
9

(The golden ratio), etc to understand the beauty of this topic. This will lead to various irrational

which are not proved here. The reader is also advised to look at few more examples like e,

numbers whose approximation is yet to done to a great extent.

“In a way, mathematics is the
only infinite human activity. It is
conceivable that humanity could
eventually learn everything in
physics or biology. But human-
ity certainly won’t ever be able

to find out everything in mathe-

matics, because the subject is in-

f |
¥s R

infinite. That’s why mathemat- ' ﬁ“._ -

finite. Numbers themselves are

ics is really my only interest.”

— Paul Erdos
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24th R. C. Gupta Endowment Lecture(webinar)-2020:
Think and grow Rich: In a

Mathematical Way

Dr. Mukunda Rajbongshi

Introduction:
What is thought?
“Thought is action in rehearsal” — Sigmund Freud

“We are what we think. All that we are arises
with our thoughts. With our thoughts, we make
the world” — Lord Buddha

The theory of relativity is regarded as the pin-
nacle of mathematical elegance. Einstein’s Spe-
cial theory of Relativity published in 1905 was the
bolt from the blue to many renowned scientists
and mathematicians as it was a radical rethinking
in physics and mathematics. Einstein’s theory of
gravity has been invoked as a successful example
of achieving unattainable goals throughout the his-
tory of thinking. Einstein’s Special theory of rela-
tivity as well as the General theory of relativity ini-
tialized two revolutionary trends of thought which
are regarded as the two intellectual monuments of
20th century mathematics and physics. Because,
gravity is the manifestation of curved space-time;
so all the familiar axioms of Euclidean geometry
cease to be valid on curved space, for instance that
of Parallel line and triangles on spheres have to be
rethought.

What is Mathematics?

e Russel says— “Mathematics may be defined as
the subject in which we never know what we are

talking about, nor what we are saying is true.”
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e R. Courant and H. Robbins in their book ‘What
is Mathematics’ said that “Formal mathematics is
like spelling and grammar — a matter of the correct
application of logical rules. Meaningful mathemat-
ics is like journalism — it tells an interesting story.”

Plato identified Mathematics with the highest
idea of civilization and claimed that Mathemat-
ics is one of the finest flowering of human spirit,
a cathedral of enduring knowledge, built piece by
piece over the ages.

Brief history
19th Century Mathematics:

The development of Mathematics in the 19th cen-
tury grew in two different directions. It trans-
formed the tools of Calculus into system of analy-
sis from which powerful theories of Mathematical
Physics are born; ultimately these theories led to
quantum mechanics and the theory of relativity.

Another great achievement of 19th century
mathematics was the discovery that Euclidean ge-
ometry was not the only possible geometry. It
was Carl Friedrich Gauss who discovered and es-
tablished ‘Non-FEuclidean Geometry’ by challeng-
ing that the crucial 5th (or Parallel) Postulate in
FEuclidean system need not be true in every ge-
ometry. The major achievements of 19th Century
Mathematics illustrate the symbiosis between pure

and applied Mathematics. Purely abstract consid-
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eration of non-Euclidean geometry led to models
essentials for relativity theory. Other important
contributions are Group theory, Boolean Algebra
and Algebra of Matrices.

20th Century Mathematics:

One major influence on 20th Century mathemat-
ics was Cantor’s inventions of Set theory. Many
long standing problems of moving objects could
be solved. Another important hallmark of 20th
century is the concept of modern Algebra. The
Common Structure of matrices, groups and sets
led to the subject known as modern or abstract al-
gebra. Lynn Arthur Steen says, “These three dis-
ciplines algebra, analysis and topology — represent
the common culture of modern mathematician. So
one can consider himself truly literate in mathe-
matics, if he can read mathematics as written in

the language of algebra, analysis and topology.”

This 20th century may also be called ‘the era of
unification’, where borders are crossed over, tech-
niques have been moved from one field into the
other and things have been moved from one field
into the other and things have become hybridized
to an enormous extent.

One such hybrid branch of science is Nanotech-
nology, which includes Physics, Chemistry, Elec-
tronics Computer Science, Biotechnology, and in-
formation technology. Nanotechnology is a broad
and interdisciplinary area of research and develop-

ment (R&D) which is growing very fast worldwide.

Scientists have built a molecular machine that
can move objects millions of times larger than it-
self. The machine is 80,000 times smaller than that
of width of a human hair. The nanomachine could
control the movement of drugs around the body
so that may reach exact point where it is needed.
Due to the advent of nanotechnology, we are now

in position to measure molecules and cells.
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21st Century Mathematics:

The 21st century is the Century of revolution.
The Digital Revolution which is the output of
human thought. We can term it as the 4th In-
dustrial Revolution. The fourth Industrial Rev-
olution Charactered by the fusion of technolo-
gies blurring lines intersect the physical, digital,
and biological spheres, and is collectively referred
to as a cyber-physical system. This new revolu-
tion opens multiple challenges like robotics, artifi-
cial intelligence, data science, business informatics,
nano-technology, quantum computing, biotechnol-
ogy, the internet of things, 5G and 3D printing,
etc. Due to this digital revolution, a paradigm
shift is noticed to outdate our present job-system.

By the end of 2021, the scientific world will have
a computer which can perform 10 lakh crore cal-
culations per second, which will be equivalent to
human brain. And by 2029, the world will have
a modern computer which will be equivalent to
10 thousands human brains and will perform like
efficiently. So, Ray Karzwell proclaimed that in
future, i.e. by 2045, the neuroscientists would be
able to construct Robot with artificial intelligence
(AI) which will work more efficiently than human
and would set aside the mankind.

Some Applications:
Geometry in Neurophysiology:

Geometry is about space. Geometry helps to bring
In other
words, not just be a left brain thinker, but also

together both sides of human brain.

a right brain thinker. Inspite of going in details,
we shall discuss in a nutshell, the function of vision
of the brain.

Our brains have been constructed in such a way
that they are extremely concerned with vision. Vi-
sion uses up something like 80 or 90 percent of the
cortex of the brain. There are about 17 different
centers in the brain each of which is specialized
in a different part of the process of vision, some

parts are concerned with vertical, some parts are
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with horizontal, some parts are with colour or per-
spective, and finally some parts with meaning and
interpretation. Understanding and making sense
of, the world that we see, is a very important part
of our evolution. Therefore, spatial intuition or
spatial perception is an enormously powerful tool
and that is why geometry is actually such a pow-
erful part of mathematics.

OR and mathematical Economics:

Operation Research is concerned with maximiza-
tion or minimization of some objective function
representing some profits or losses subject to some
limitations of resources. Many of the optimization
problems of OR fall within the scope of ‘finite’ on

‘discrete’ mathematics.

Main Aim of OR — Objective is to reduce deci-
sions to a math model and identify one more Opti-
mal Solutions. OR is concerned with determining
the maximization (of Profit, perform, or yield) or
minimization (of loss, risk, or cost) of objects.

What is Game theory?

Game theory is the study of the ways in which
interacting choices of economic agents produced
outcomes in question might have been intended
by none of this agents. More loosely, we can say
that, game theory is the process of modeling the
strategic interaction between two or more players
in a situation containing set of rules and outcomes.
While used in a number of disciplines, game theory
is the most notably used as a tool within the study
of economics. The applications of game theory in
economics can be a valuable tool to aide in the
fundamental analysis of industries, sectors & any
strategic interaction between two or more firms.

One of the pioneers of Game theory and also
one of the greatest mathematicians of the twenti-
eth century, John Von Neumann along with Os-
kar Morgenstern published the book ‘Theory of
Games & Economic Behaviour’ (1944), which is
considered the groundbreaking text that created
the interdisciplinary research field of game theory.
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Theory of Games is one of the important sub-
jects in Modern Economics and very useful in anal-
ysis of strategic choices. Apart from economics,
game theory enters in different fields like Evolu-
tionary Biology, Sociology, Political Science, etc.
Here, I would like to mention some of the Nobel
Laureates who received in Mathematical Program-
ming (OR) or in Game theory. They are Paul A.
Samuelson (1970), S. Kuznets (1971), W. Leontief
(1973), John Nash & Others (1994), Robert Au-
mann & Thomas Schelling (2005), Alvin Roth &
Lloyd Shapley (2012).

In the context of Game theory, a well-known
game named ‘Prisoner’s Dilemma’ is a standard
example of a game that shows why two completely
rational individuals might not cooperate even if it
appears that it is in their best interest to do so.
Thus we can say, it is a paradox in decision analy-
sis in which two individuals acting in the own self-

interest’s do not produce the optimal outcome.

Summary:

During the Last decade, a research on Upanishad’s
vani — “Yad Bhavam, Tad Bhavati” — You are,
what you think, went on at the University of Wis-
consin, USA. Similarly, Mathematician Descartes
remarked — “Cogito ergo Sum”, i.e. “I think, there-
fore I exist.” There is a saying on Descartes’ inven-
tion of Cartesian Co-ordinate Geometry: Once he
saw a spider on a ceiling while he was lying down
on a bed. He wanted to find out the location of
the spider, which led him to discover Co-ordinate
Geometry. This is one of the finest flowering of
thought.

It is not how great one’s thought is, but how
great he wants to think. This is the moot point
of the talk — “Think and Grow rich or enlighten”.
The Purpose of this talk is a humble demonstration
— How to flourish one’s critical abilities in order to
enable him to appreciate the excellence of a work.

(This article has been edited for lan-

guage, clarity and authenticity.)
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A Taste of Analytic Number Theory, Part III

Ayan Nath

HS Student, Kaliabor College

Abstract. These series of articles (three in total) are aimed at olympiad contestants, focuses
on solving olympiad Number Theory problems using analytic techniques and making contestants
familiar with common techniques and results in this topic. We started with the Prime Number
Theorem, giving an elementary proof of the weak version and establishing a few well known
estimates for the two Chebyshev functions. We also showed Mertens’ first theorem on the fly
and discussed Mertens’ second theorem, asymptotic density and equidistribution theorem. In this
concluding part we will present some problems.

7. Problems

All the problems below don’t necessarily use the theory discussed in this series of articles. Many
of the following problems are hard so don’t get demotivated.

7.1. Exercises

If you are experienced then you may skip this section.

Exercise 7.1. Let A be a set of positive integers with positive asymptotic density. Prove that sum
of reciprocals of elements of A is divergent.

Exercise 7.2. If the density of A C N and B C N is zero then prove that density of AU B is zero.

Exercise 7.3. You are given a string of base-10 digits. Prove that you can append some finite
number of digits so that the resultant number becomes a power of 2.

Exercise 7.4. Define w(n) to be the number of distinct prime divisors of n. Prove that

Z w(n) = xzloglogx + O(x).

n<x

! Editor’s Note: Part I (in Volume 67) contained section 1 and Part IT (in Volume 68) contained sections 2 through
6.
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Exercise 7.5. Prove that

where the product is over all primes p.

Exercise 7.6. Let r2(n) be the number of ways n can be written as a sum of two perfect squares.

Prove that ) )
lim ro(1) + ra2(2) + -+ + ra(n) _
n—oo n

Exercise 7.7 (Mathotsav). We say that a positive integer ¢ is good if the density of positive
integers n such that n? + ¢ is square-free is at least 0.99.

(a) Prove that the density of square free numbers is 5.
™

(b) Prove that infinitely many natural numbers are good.

(c) Prove that there exists a positive constant ¢ and a natural number N, such that for all n > N,
the number of natural numbers less than n which are good is at least cn.

7.2. Easy

Problem 7.1 (Iranian Our MO 2020). Consider two sequences x, = an + b, y, = cn + d where
a,b, ¢, d are natural numbers and ged(a,b) = ged(c,d) = 1, prove that there exist infinite n such
that z,, y, are both square-free.

Problem 7.2 (Iran 3rd round 2010/8). Prove that there are infinitely many natural numbers of
the form n? + 1 such that they don’t have any divisor of the form k2 + 1 except 1 and themselves.

Problem 7.3 (China TST 2005). Prove that for any n (n > 2) pairwise distinct fractions in the

interval (0, 1), the sum of their denominators is no less than gn%

Problem 7.4 (China TST 2004). Let u be a fixed positive integer. Prove that the equation
n! = u® — u” has a finite number of solutions (n, o, 3).

Problem 7.5 (IMO Shortlist 2011/A2). Determine all sequences (x1,x2,...,z211) of positive
integers, such that for every positive integer n there exists an integer a with

2011
ij? =" 41
j=1

Problem 7.6 (China TST 2010, Miklos Schweitzer, Paul Erdos). Given positive integers n and k
such that n > 9%, prove that (Z) has at least k different prime divisors.
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Problem 7.7 (IMO ShortList 2003/N4). Let b be an integer greater than 5. For each positive
integer n, consider the number
Tp=11---122..-25,
S——
n—1 n

written in base b.

Prove that the following condition holds if and only if b = 10: there exists a positive integer M
such that for any integer n greater than M, the number x,, is a perfect square.

Problem 7.8 (Vesselin Dmitrov). Prove that the set of positive integers n such that
n(n+1)(n+ 2)(n? 4+ 1)

is square free has positive density.

Problem 7.9 (Miklos Schweitzer). Prove that the set of positive integers n such that 7(n) | n has
density 0.

7.8. Medium
Problem 7.10 (ARMO 2012 Grade 11 Day 2). For a positive integer n define
Sp=114+21+ ... +nl

Prove that there exists an integer n such that S,, has a prime divisor greater than 102012
Problem 7.11 (AoPS). Prove that n! = m3+4-8 has only finitely many solutions in positive integers.

Problem 7.12 (China TST 2 Day 1 P1). Let n be a positive integer. Let D,, be the set of all
divisors of n and let f(n) denote the smallest natural m such that the elements of D,, are pairwise
distinct in mod m. Show that there exists a natural N such that for all n > N, one has f(n) < n?0%

Problem 7.13 (Paul Erdos, Miklos Schweitzer). Let a; < as < --- < a, be a sequence of positive
integers such that a; — a; | a; for all i < j. Prove that there is a positive constant ¢ such that for
any such sequence of length n, a; > n".

Problem 7.14. (Tuymaada 2011, Senior Level) Let P(n) be a quadratic trinomial with integer
coefficients. For each positive integer n, the number P(n) has a proper divisor d,, i.e., 1 < d, <
P(n), such that the sequence dj,ds,ds, ... is increasing. Prove that either P(n) is the product of
two linear polynomials with integer coefficients or all the values of P(n), for positive integers n, are
divisible by the same integer m > 1.

Problem 7.15. (Turkey TST 2015/6) Prove that there are infinitely many positive integers n such
that (n!)"+2015 divides (n?)!.

Problem 7.16 (China TST 2015). Let ay, a2, as, ... be distinct positive integers, and 0 < ¢ < % .
Prove that: There exist infinitely many positive integers k, such that lem(ay, ag11) > ck.
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Remark 7.1. The bound cannot be improved to lem(ay, agy1) > k119 for some 6 > 0.

Problem 7.17 (USA TSTST 2017/6). A sequence of positive integers (an,)n>1 is of Fibonacci type
if it satisfies the recursive relation a,+92 = any1 + ap for all n > 1. Is it possible to partition the
set of positive integers into an infinite number of Fibonacci type sequences?

Problem 7.18 (Tuymaada 2007/8). Prove that there exists a positive ¢ such that for every positive
integer N among any N positive integers not exceeding 2N there are two numbers whose greatest
common divisor is greater than ¢N. (Bonus: Strengthen the bound.)

7.4. Hard

Problem 7.19 (IMO 2015/N6). Let Z~o denote the set of positive integers. Consider a function
f 1 Zsy — Zsg. For any m,n € Z~o we write f"(m) = f(f(...f(m)...)). Suppose that f has the
—_——

n
following two properties:

(i) if m,n € Z~y, then W € Z~o;
ii) The set Z~q n) | n € Zsg} is finite.
>

Prove that the sequence f(1) —1, f(2) — 2, f(3) — 3,... is periodic.

Problem 7.20 (China TST 2018 Day 2 Q2). Given a positive integer k, call n good if among

(5)- () ) ()

at least 0.99n of them are divisible by k. Show that exists some positive integer N such that among
1,2,..., N, there are at least 0.99N good numbers.

Problem 7.21 (Paul Erdos). For any § > 0 prove that there are at least (3 — 5)% primes
0gy M

between n and 2n for sufficiently large n. (Using the full power of PNT would be cheating.)

Problem 7.22 (XIII Brazilian Olympic Revenge 2014). Let a > 1 be a positive integer and
f € Z|x] with positive leading coefficient. Let S be the set of integers n such that

n|af™ —1.

ISN{L,...,n}|
n

Prove that S has density 0; that is, prove that lim, =0.

Problem 7.23 (PRIMES 2020 M5). We say an integer n > 2 is chaotic if for any monic nonconstant
polynomial f(z) with positive integer coefficients, the set

{f(1), £(2),.... f(n)}

contains fewer than 1098/ . prime numbers. Are there finitely many chaotic integers?

ogn
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Remark 7.2. There is a theorem by Nagell & Heilbronn which says that for any f € Z[z|, the
number of primes in {|f(1)],|f(2)],...,|f(n)|} is O(n/logn) but unfortunately the proof is beyond
the scope of Olympiad Mathematics.

Problem 7.24 (Marius Cavachi, AMM). Let a and b be integers greater than 1 such that
a™ —1|b" —1 for every positive integer n. Prove that b is a natural power of a.

Remark 7.3. You can relax the condition to “for infinitely many positive integers n” instead
of “for every positive integer n” and the problem would still hold. However the proof of this is
non-elementary.

Problem 7.25 (Fedor Petrov). Does there exist ¢ > 0 such that among any n positive integers
one may find 3 with least common multiple at least cn3?

8. Solutions to selected examples
8.1. Bxample 1.12

Let’s suppose we want g(n) = k. Choose a large enough natural ¢ such that 2¢ < g < 2¢(1+¢) where
q is a prime. Note that n = ¢2¥22k* works because all such k divisors are of the form ¢*t2t(k=9 for
i=1,2,...,k. No other divisor works because for any fixed power of ¢ we can have only one power
of 2 which may work.

8.2. Example 1.15 (EMMO 2016 Sr, Anant Mudgal)

Part (b) is easy so we only solve part (a). Assume the contrary that all sufficiently large indices
are divisor friendly. We have that

an tlem(ag, ag, ... an_1)

for all n > K, say. Observe that there must exist some sequence of primes ¢, such that if
b, = gn" @) for n > K then gn divides none of the preceding terms a; for i > K. See that
all the b,’s must be distinct. Obviously by, bs,...,b, < 9000n and b; are distinct prime powers.
Number of prime powers at most 90007 is less than

1
S= Y log,9000n =log9000n » ——

lo
p<9000n p<9000n &p

1 1
< log 9000 —
Slog00n | > ot D o
p<+/9000n v/9000n<p<9000n

v/9000n 1
< log 90007 + - (m(9000n) — w(v9000n
< log ( g2+ lo Vom0 (7(9000m) — (/3000m)

V90007 N 1 o < n >
log 2 log v/9000n logn

=0 (i)
logn

= log 9000n (

zloggooon.o< n )

log?n
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in the last second step we used PNT. This is a contradiction for large enough n since there are n
distinct prime powers at most 9000n, namely by, bo, ..., b,. And we are done.

8.3. Example 5.8 (Canada MO 2020/4)

Consider (99997 4 4999)% and (9999n + 5000)2, verify that their difference is divisible by 9999, call
a pair of such perfect squares good. Fix some large N. Check that the number of such pairs less
than N is bounded below by ¢v/N for some constant ¢ > 0. All perfect powers between such a pair
must be odd perfect powers. Number of odd perfect powers a’ less than N is at most

S:N1/3+N1/5+N1/7+"',

where the number of summands is at most logy, N as a > 2 except for the trivial perfect power 1.
Therefore S = O(N 1/31og N ), which is less than cV/'N for all large N. Thus there exists infinitely
many good pairs.

8.4. Example 5.6 (Iran 3rd round 2011)

(Solution by Superguy) We are going to prove the bound ¢, < 35™ for part (a). Let’s assume for
the sake of contradiction that there exists n such that g, > 35", here suppose n is minimal.Then
suppose 7 is the minimal index such that ¢, | a, then r > 35%"(&). So all of {a1,as,...,a,—1} have
prime factors in set {q1,q2,...,qn—1}. Call this set of primes as P. We clearly have

r—1 r—1

- 1)
= \/E

S
T W= =

k=1

Clearly RHS in (1) is greater than 2,/r — 2 which can be shown using easy integration or induction.
Consider the following claim.

Claim.

\3
|
—

kol
Il
—_
S
T Wl =

> v <5E2n)

peEP m>0

where |P| =n — 1.

Proof. Note that all of a;, are of the form qlfl -q;“z e qz”__ll where all k; are non-negative which gives

the left side inequality. For right side we have that the sum}_, -, p‘ém is maximum for p = 2 and
next greatest value is achieved by p = 3 and the value of the sum for p = 2 is less than 5 and for
p = 3 the sum would be less than 3.27 Now observe

[1[> 7] <s2n

peP m>0

So we get the claim. O

Now by our claim, (1),(é) and the fact that

In(2-355) < In(2- 355 —2) + 1 for all natural n,
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we get that we should have

n - 1n(35)

In(2) -1
n(2) + 3

—1In(5) — (n —2)(In(3.27)) < 0. (2)
Now we are going to prove the opposite inequality. Taking the function in LHS as f(n) we get that
f(n) is increasing. Hence we just need to check for n = 1 which we get that f(1) > 0. Thus we
have proved the opposite inequality and thus the contradiction for our initial assumption. For part
(b) exact similar process can give a nice bound of some ¢, < 300™. |

8.5. Example 5.7 (IMO 2008/3 improved)

Define
fN) = T[] (»* +1).

n<N

Let us assume that the largest prime divisor of f(N) is t. Let f(IN) = Hp p*» be the prime
factorisation of f(IN), each prime p > N can divide n? + 1 for at most two different values of n,
and so a;, < 2 in this case. See that as = |[N/2|. For p < z, if p | n? + 1, then n? = —1 mod p
which has solutions if and only if p = 1 (mod 4), and in that case there will be at most 2] N/p]|

2:

values of n for which p | n? + 1. Similarly, if p* | n? + 1, then n —1 mod p¥, and there are at

most 2 solutions to this congruence and hence at most 2] N/p*] values of n for which p* | n? + 1.
Combining, we find that for p < N and p =1 (mod 4)

ool S of 3]+ [3]

where k = [logp N ] . This gives that

2N
aPSE—FQ(IogpN—i-l),

nce 1424 = foip <1 Th
since — -y e — S . us,
p P pb T 1-1/p
favy <22 T prrtlem e T R
p<N N<p<t
p=1 (mod 4) p=1 (mod 4)

and so,

O AC | I R | T |
PN p<N p<t
p=1 (mod 4) p=1 (mod 4) p=1 (mod 4)

Taking the logarithm

log p N
log f(N) < 2log N Z 142N E p—1+ E logp+5log2.
p<N p<N p<t
p=1 (mod 4) p=1 (mod 4) p=1 (mod 4)

By PNT for AP and with some computations we can see that the RHS is asymptotic to N log N +t.
Notice that
fIN) = ] »* = (@) = N*N + O(N),

n<N
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combining, we get that
2Nlog N + O(N) <log f(N) < NlogN +t+ o(Nlog N),

now if t < (1 — )N log N for all large N then the above is false for sufficiently large N, which is
what we wanted.

8.6. Example 5.10 (STEMS 2020 B3/C5, Arka Karmakar)

Clearly b # 1. Note that the leading coefficient of f must be positive and f € Q[z]. For now assume
that f is non-constant. Consider the following claims.

Claim 1. For n,i € N let f(a" 4 a*) = b 4+ p™0) where t(n,i) > m(n,i). And let
i1,12,13,...,1r € N, then it follows that t(n,i;) = t(n,i2) = ... = t(n, i) for all large n.

Proof. Let i > j be two positive integers. It is obvious that ¢(n,i) > t(n, j) for all large n. Observe
that

' f(an +ai) ' bt(n,i) +bm(n,z)
l1=Ilim ——%=lim ——
n=oo f(a™+al)  n—oo bt(mg) 4 pm(n.j)

1+ bm(n,i)—t(n,i)

= lim

A =) - )t
. 1
2 W ) 1 G-
> i !
= n5oo 2 (i) —Hn.j)
_ L piei—tng)
2 n—oo

If b > 2 we get t(n,i) = t(n, ) for all sufficiently large n. So let b = 2 then either t(n,i) = t(n,j)
for all sufficiently large n or t(n,i) = t(n,j) + 1 for all sufficiently large n. We assume the later.
Then note that,

bt(n,i) + bm(n,i) ] 24+ 2m(n,i)—t(n,j) 2

L 3 T e oy L e v v s vy B B v v e o

which implies that m(n, j) = t(n, j) for all large n. Let ¢ > j > 1. Hence we obtain
f(an + ai) _ 2t(n,j)+1 + 2m(n,i)’
Fla" + af) = 2+
f(an + a) _ 2t(n,1) + 2m(n,1)’

for all large n.. Now we must have t(n,1) = t(n,j). Again using the same reasoning as above we
will get m(n,1) = t(n,1) which will mean f(a™ + a/) = f(a™ + a) for all large n. Contradiction!
Hence the claim. O

Let us introduce some notation: Let i € N and define ¢, and A(n, i) such that
f(an + CLi) — pin + bA(n,i)7

for all large n (here we are using the previous claim, and ¢, is independent of ¢ for small 7). Let
f(z) = 2¥(xg(z) + c) where ¢ # 0 and g € Q[z].
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Claim 2. Let p be a prime such that p | b then p | a.

Proof. Assume that gcd(a,b) = 1. Let r be some positive integer. Notice that q¢®(®")+d1 4
ac2?(t)+d2 = gdi 4 qd2 (;mod b"). Therefore if we take ¢1,ca — oo then using the previous claim,
we get b | f(a@9®) T 4 qe2o(t)Hd2) — pr | fah + a??). Now taking r to be sufficiently large
we get f(a® 4+ a®), which means that f = 0, this is a contradiction to our assumption that f is
non-constant. O

Claim 3. Let N € N be a constant. Then it follows that {A(n,i)}}¥, forms an A.P. for large
enough n and a is a power of b.

Proof. Let p | ged(a,b) be a prime. Now consider
(@ + a)((a" + aV)g(a” + a’) + ¢) = bt 4 pAD.
Taking v, of both sides and n — oo,

idvy(a) + vp(c)
vp(b) '

Hence the claim. Notice that the above also gives us that v,(b)(A(n,i + 1) — A(n,i)) = dvy(a),
which means both a and b have the same set of prime divisors. Now if a prime ¢ divides both a

divy(a) + vp(c) = A(n, i)rp(b) = A(n,i) =

and b then by the same reasoning we have that

L ddyg(a) +yg(c)  idvp(a) + vp(c)
A(n,i) = 0 = 2o(0) ;

taking i = 1,2 we get that

for some r € N. O

Finishing the problem is easy using the above claim.
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5 Problems 1 Solution : Square of an
integer cannot be of 3k + 2 type

Pankaj Agarwal

E-mail: pamathsfac@gmail.com

Under the title ‘5 Problems 1 Solution’, I intend to discuss 5 problems, which can be solved using
the same concept. I intend to keep the concept basic. In this particular article, the concept we will

be using is as follows:

If n is any integer, then either n or n? — 1 is a multiple of 3. This can also be considered as “the
square of any integer cannot be of 3k + 2 type for any integer k”. The interesting part is that how

such a simple concept can be used to solve various type of Mathematics Olympiad problems.

Problem 1. Find all prime numbers p such that p? + 2007p — 1 is prime as well.
(Berkeley Math circle - 2008)

Solution: If p # 3, then p is not a multiple of 3 (since p is prime). Then p? — 1 is a multiple of 3.
So, (p? — 1) +2007p is a multiple of 3 (as 2007 = 3 x 3 x 223) and hence p? + 2007p — 1 cannot be
prime. Also, if p = 3, then p? +2007p — 1 = 9 + 6021 — 1 = 6029, which is a prime.

Problem 2. How many primes p are there such that 2p* — 7p? + 1 is equal to the square of an

integer?
(Turkey National Olympiad, 2001 - Round 1)

Solution: If p # 3, then p is not a multiple of 3 (as p is prime). Then p? — 1 and p* — 1 are both
multiples of 3. So,

ot =1 =20p" 1) TP 1) +1+2-7
=[20" 1) - 70" - 1) - 6] +2
= (a multiple of 3) + 2.
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But the square of any integer cannot be of 3k + 2 type. So, p # 3 is impossible. Hence, p = 3 is the
only possibility.

Problem 3. If p and p? + 2 are prime numbers, then find the number of prime divisor of p? + 3.
(Turkey National Olympiad, 2006 - Round 1)

Solution: If p # 3, then p is not a multiple of 3 (since p is prime) and hence p? — 1 is a multiple of
3. So, p? +2 = (p? — 1) + 3 is a multiple of 3. But p? + 2 is prime. So, p # 3 is not possible. So,
p = 3 is the only possibility, and hence p® +3 = 30 = 2 x 3 x 5, which has 3 prime divisors 2, 3 and
5.

Problem 4. Show that the equation x> — 3y? = 17 has no integral solutions.
(Berkeley Math circle)

Solution: As 17 is not a multiple of 3, so z is not a multiple of 3. Therefore, 2> — 1 is a multiple
of 3. Hence, the equation (22 — 1) — 3y? = 16 is not possible as LHS is a multiple of 3 and RHS is

not a multiple of 3.

Problem 5. Can 20042°% be written as the sum of two perfect squares?
(Italy, 2004)

Solution: If possible, suppose that 2004299 = ag + bg, where ag and by are integers.

But, 20042%% is a multiple of 3. So, ag and by must both be multiples of 3. Put ag = 3a1, and
bo = 3b1. Then we get, 20042903 . 668 = a? + b3.

Using the same logic, we see that both a; and b; are multiples of 3. So, taking a; = 3as and
by = 3by, we get 20042901 . 6682 = a3 + b3.

Continuing in this manner and taking ap = 3ap4+1 and by = bgy1, we get 2004 - 6681002 —

a%ooz -+ b%OOZ‘ So, both aigp2 and bigge must be multiples of 3.

So, 668109 = 3(a%yy3 + b3goz)- Which is not possible as LHS is not a multiple of 3 while RHS is
a multiple of 3.

Besides these 5 problems, there are many problems that can be solved using the
same concept as above. Of course, in some of them some other concepts may also be

required. The questions given below are in this category.
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1) Find all positive prime numbers p, ¢, r, s such that p? 4+ 2019 = 26(q? + r? + s2).
(Conosur, 2019)

[Hint : If p = 3, then ¢ + r2 + s? = 78, which can be easily solved. If p # 3, then ¢ + r? + 5% is
3k 4+ 2 type. So, one of ¢,r, s must be multiples of 3. But p,r, s are primes. So, one of them must
be 3.

2) Find all prime numbers p such that 2?7 + p? is also a prime number.
(Albania - TST, 2011)

[Hint: Obviously p is odd. Use the concept that a™ + b™ is divisible by a 4+ b whenever n is odd.
Observe that 2P + p? = (2P + 17) + (p? — 1) ]

3) Find all primes p such that the number p? + 11 has exactly six divisors (including 1 and the

number itself).
(Russia - 1995)

[Hint: If p # 3, then p? + 11 is a multiple of 3. Also, p = 2 does not satisfy the conditions. Now,
show that p? + 11 is also a multiple of 4.]

4) Find all prime numbers a, b, c and positive integer k, which satisfy the equation a? + b? 4 16¢* =
9k% + 1.

(JBMO - 2015)

[Hint: Observe that a? + b? + ¢? is of 3k + 1 type. So, exactly two of a, b, c are multiples of 3. But

a, b, ¢ being prime, we know exactly 2 of them equals 3.]

5) Find all prime numbers p such that 57 + 12P is a perfect square.
(Singapore TST - 1999/2000)

[Hint: It p is odd, then 5P + 12P = [(5P 4 1P) + 12P — 3] + 2 is of 3k + 2 type, which is not possible.

So, p is even.]
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An overview of research on inverse
eigenvalue problems for matrices
described by graphs

Dr. Debashish Sharma

Assistant Professor, Department of Mathematics, Gurucharan College, Silchar

Research in any subject involves a good amount of study and patience and mathematics is no
different. Sometimes it may happen that there is a considerable difference between what we aspire
to do and what we actually end up doing. In the beginning of my PhD work back in 2012 at NIT
Silchar, we had a strong intention to work on the spectral theory of unbounded linear operators in
Hilbert spaces. However, we were not getting any lead even after six months of study and gradually
we shifted our focus to eigenvalue theory of matrices. It felt quite tough as a lot of work was already
available in the literature. Further survey into the literature brought us to a class of problems called
inverse eigenvalue problems, thanks to the detailed survey by M. T. Chu [I].

The problem of reconstruction of a matrix having a desired structure and possessing a prescribed
set of eigen data is known as an inverse eigenvalue problem, in short an IEP. The objective of an IEP
is to construct matrices of a pre-assigned structure which satisfy the given constraints on eigenvalues
and eigenvectors of the matrix or its submatrices. If there is no restriction on the structure of the
required matrices, then an IEP becomes trivial. For example, it is very easy to find a matrix with
eigenvalues {1,2,...,100}. We can just take the diagonal matrix diag(1,2,...,100). Thus, the level
of difficulty of an IEP depends on the structure of the matrices that are to be reconstructed and on

the type of eigen information available.

Special types of inverse eigenvalue problems were studied for various types of matrices like
tridiagonal matrices, Jacobi matrices, arrow matrices, doubly arrow matrices, etc. by several authors
([2H6]). A well-known way of describing the structure of matrices is to represent them by graphs.
An n x n symmetric matrix can be represented by an undirected graph on n vertices. So, we decided
to include graphs in our research work on IEPs. We successfully worked on the reconstruction of

special acyclic matrices like a path or a broom, from given eigen data [7, §].

J. Peng, et. al. [6] and H. Pickman, et. al. [, [9] studied IEPs involving the construction of arrow

matrices and doubly arrow matrices from given eigen data consisting of the minimal and maximal
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eigenvalues of each of the leading principal submatrices of the required matrix. Motivated by this,
we had studied the problem of constructing acyclic matrices whose graph is a broom from the same
eigen data [8]. Recently, another paper of ours got published in the journal Linear Algebra and
its Applications [10] where we studied an inverse eigenvalue problem, referred to as the minimax
inverse eigenvalue problem, of constructing matrices whose graph is a special type of tree called a
generalized star of depth 2 (Figure 1).

Figure 1: Generalized star of depth 2 (G2Sk)

Let n and k be positive integers such that n = 2k + 1. Then, a generalized star of depth 2 on
n vertices is obtained by attaching a pendant edge (that is, a path on two vertices) to each of the
non-central vertices of a star on k + 1 vertices. A generalized star of depth 2 on 2k + 1 vertices is
denoted by G2.Sg.

For the convenience of the readers, let us recall a few concepts from graph theory. Let V be a
finite set and let P be the set of all subsets of V' that have only two distinct elements. Let E C P.
Then G = (V, E) is called a graph with vertex set V and edge set E. If vi,v2 € V and {vi,v2} € E
then vjvg is called an edge of G and the vertices v; and v are said to be adjacent. The choice of
P implies that the graphs under consideration are undirected and are free from multiple edges or
loops. The degree of a vertex is the number of edges which are incident on it. A pendant vertex is
a vertex of degree one. A sequence of distinct vertices vi,vo, ..., v, of G such that the consecutive
vertices are adjacent is called a path of G. A graph is connected if there exists a path between every
pair of its vertices. A cycle is a connected graph in which each vertex is adjacent to exactly two
other vertices. A tree is a connected graph without any cycles.

Given an n x n symmetric matrix A, the graph of A, denoted by G(A), has vertex set
{1,2,3,...,n} and edge set {ij : i # j,a;; # 0}. For a graph G with n vertices, S(G) denotes
the set of all n x n symmetric matrices that have G as their graph. An acyclic matrix is a matrix
whose graph is a forest, that is, each of its connected components is a tree [I1]. The j x j submatrix
of a matrix A obtained from A by retaining only the first j rows and the first j columns of A is
called the j x j leading principal submatrix of A.

We used a particular scheme of labelling the vertices of G2Sk so as to express the corresponding
matrices in a special form. We label the central vertex as 0 and the k vertices adjacent to it as
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1,2,...,k. Let f be a permutation on the set {1,2,...,k}. Then we label the pendant vertex
adjacent to the vertex f(i) as k4. This is illustrated for G253 in Figure 2 for all the 3! = 6 possible
ways of labelling. Under this scheme of labelling, the graph of each leading principal submatrix of

the matrices of (G2S) remains connected.

Figure 2: Labellings of G253

For any matrix Ay € S(G2Syk), the diagonal entries are denoted by a; where 0 < j < 2k, the off-
diagonal entry corresponding to the edge joining the central vertex to the vertex j, where 1 < j < k,
is denoted by b; and the off-diagonal entry corresponding to the edge joining the vertex f(j) with
the pendant vertex k + j is denoted by by ;. For example, any matrix of G253 labelled as in Figure

2(e) is written in the following form:

ap b b2 b3 0 0 0
bb ag 0 0 0 0 bys
b, 0 a 0 byy O O
Af = b3 0 0 as 0 b3+2 0
0 0 bg+1 0 as3+1 0 0
0 0 0 by 0 agse O
0 b3 0 0 0 0 ags

We studied the following minimax inverse eigenvalue problem:

IEPGS: Given 4k + 1 real numbers A\;,1 < j <2k + 1 and A;,2 < j < 2k + 1 and a permutation

49 Ganit Bikash | Volume 69 | April - June, 2021



An overview of research on inverse eigenvalue problems for matrices described by graphs

f on the set {1,2,...,k}, find a matrix Ay € S(G25k) such that A\; and A; are respectively the
minimal and maximal eigenvalues of the Ay ;, the j x j leading principal submatrix of Ay.

A sketch of the solution

The following results were used to find possible solutions of IEPGS:

Lemma 1. Let P()\) be a monic polynomial of degree n with all real zeros and Apin and Apmas be
the minimal and mazimal zero of P respectively.

o If i1 < Amin, then (—=1)"P(u) > 0.
o If > Amaa, then P(u) > 0.

Lemma 2. If T is a tree then the minimal and mazimal eigenvalues of any matriz A € S(T) are
simple i.e. of multiplicity one. [Lemma 3.3 in [12]]

The following lemma gives the relation among the leading principal minors of \I — Ay:

Lemma 3. Let Ay € S(G2Sk). The sequence { P;(\) = det(A;— Ay ;)} of characteristic polynomials

of Ay satisfies the following recurrence relations:

(i) Pl()\) =\— aop,
j—1

(ii) Pia(\) = (A —a;)P;(A) =02 [J(A— @) for 1 <j <k,
=1

(iii) Prrj1(N) = (A = apg) Pori(N) = b7 Qpy(A) for 1< j <k,

where Q(;j)(A) is the characteristic polynomial of the principal submatriz of Agjyji1 obtained by
deleting the rows and columns indexed by f(j) and k + j.

The proof follows by expanding the determinant det(A — Ay ;) for each j where 2 < j < 2k 4 1.
By Cauchy’s interlacing theorem [I3] [14] , the eigenvalues of an n x n symmetric matrix and those
of any of its (n — 1) x (n — 1) principal submatrices interlace each other. Hence, the given minimal
and maximal eigenvalues of A; satisfy the following inequalities

Aokt S Ao <o <A <A <Ay < A3 < < Agg < Agg (1)

As per the spectral constraint of IEPGS, \; is an eigenvalue of A1, so Pi(A1) = 0 from the first
relation of Lemma |3, we have
apg — )\1. (2)

For 1 <j <k, Aj41 and Aj4 are respectively the minimal and maximal eigenvalues of Af ;1. So
Pj11(Aj+1) = 0 and Pj11(Aj41) = 0, and from the second recurrence relation of Lemma (3} it follows

that
j—1

a; Pi(Aj1) + 03 [ [ Nga — @) = Ajr P(Aj1) = 0

e 3)

a; P(Ajp1) + b3 [ [(Aj1 — @) = AjpaPi(Aj41) = 0.
=1
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Note that is a system of equations that are linear in a; and b?. We investigated the nature of
solutions of the system. Let D;i i denote the determinant of the coefficient matrix of the above

system. Then,

i1 i1
Dji1 = Pi(Nj+1) H(Aj+1 —a;) — Pj(Aj41) H()\jﬂ - a;). (4)
-1 =1

Again for 1 < j < k, Ag4 41 and Ay 41 are respectively the minimal and maximal eigenvalues of
Afitjt1- S0 Prgjr1(Aktj+1) = 0 and Pypji1(Agy 1) = 0 and from the second recurrence relation
of Lemma [3], it follows that

5P Mkgin) + 021 Q () Mkgi1) = Akt Praj(Mepjirn) = 0, and 5)

et Pt (Mrj1) + 024 @ () (Mkga1) — Mij1 Py (Apajrr) = 0,

which is a system of linear equations in ay; and bz e We investigated the nature of solutions of
the system . Let Dy ;11 denote the determinant of the coefficient matrix of the above system.
Then

Dt jir = P j(Mkrj+1) Q) (Mot jr1) = P (A1) Q () Akt (6)

The main result of our paper was the following theorem.

Theorem 4. The IEPGS has a solution with unique values of a;,t = 0,1,2,...,2k and b?,i =
1,2,...,2k if and only if

Aopg1 < Ao < -o- <A <A1 < Ag <Az <o < Agg < Aot (7)

and the solution is given by the expressions (@ and (@ below

A1 Py (Na) TS (A — i) = A Pi(Ay ) TIZ) (V1 — @)

J D.
J+1 (8)
2 = Byt — /\j+1)Pj()\j+1)Pj(Aa’+1);
’ Dij
iy = Nkt j+1 Pt Mt +1) Q7 () (Mbtjr) — Mgt P (Metr1) Q) Ay 1)
Ditjn )
B, = (Akjrr = Aejr) P Mt 1) Pt (Arerjrn)

Diyjsa

Theorem {4| gives a general procedure of reconstructing all the k! structures of matrices Ay €
S(G2Sk), under the modified scheme of labelling. Also, we are free to choose the signs of the off-
diagonal entries as all the expressions and computations involve only the squares of the off-diagonal
entries. Since there are 2k off-diagonal entries and each entry can be assigned either a plus sign or
a minus sign, so for each permutation f we can reconstruct exactly 22* different matrices.

The paper was communicated to Linear Algebra and its Applications on 23rd February 2017. It
took four years to complete the review process and was published on 16th March 2021. In between,

it came back for major revisions a few times. It’s a normal part of the review process and as
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researchers, we need to address the reviewers’ queries properly. Suggestions from the reviewers also

help in enhancing the quality of the research work. At the end, we conclude by insisting that there

is no substitute to in-depth study, patience and perseverance in the world of research.
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Problem Section 3

Edited by Manjil P. Saikia

School of Mathematics, Cardiff University, CF24 4AG, UK

E-mail: manjil@saikia.in

We are starting a new section, which will have problems without solutions. We ask the
solutions from the readers which we will publish in the subsequent issues. All solutions should
preferably be typed in LaTeX and emailed to the editor. If you would like to propose problems
for this section then please send your problems (with solutions) to the above mentioned email
address, preferably typed in LaTeX. Each problem or solution should be typed on separate
sheets. Solutions to problems in this issue must be received by 20 September, 2021. If a
problem is not original, the proposer should inform the editor of the history of the problem.
A problem should not be submitted elsewhere while it is under consideration for publication
in Ganit Bikash. Solvers are asked to include references for any non-trivial results they use
in their solutions.

Problem 7. Proposed by Ayan Nath (Tezpur) and Abhishek Jha (Delhi).

Find all monotonic functions f : R — R such that
f(=a®+ B+ S)+ fla®— B+ )+ f@®+ b3 — ) +24f(abe) = fla® + b + 3,
for all a, b, c € R. Bonus: solve it without the monotonicity constraint.

Problem 8. Proposed by Anupam Saikia (Indian Institute of Technology Guwahati).

Let G be a group containing no subgroup of index 2. Show that any subgroup of index 3 must be
normal. (The question requires knowledge of group homomorphism, group action and permutation
group Ss.)

Problem 9. Proposed by B. Sury (Indian Statistical Institute, Bangalore).

Consider the Fibonacci numbers defined by F; =1 = F; and F,1 = F,, + F,,_1. Prove that

[(n—1)/2]
F, = H (3 + 2cos(27r/n)).

r=1

Use this to deduce that F} divides Fj if and only if k divides I.

Editor’s Note: No solutions have been received from the floor for Problems 1, 2 and 3 of Volume
67. We keep them open until 20 June, 2021 and request solutions from the readers.
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Col®(n) ||| X [ 8] 8| 8 |u|>|v8| >
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afe @B ARG FENS AAGETNR  (iterate)
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QA GIF! IO FHG WA I FAE FHALT B
F (n, Col(n), Col¥(n), Col®(n),...) CARITHCA,
n=>% @ ooq AAFNT oG TYFAGIE B
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A tefeE @ 9 TP R SRS JoNIEe
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CRRICT QBT FT0T1 F=jefafieet ARG R IR, cofe
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Y E A TS | (FIOAR TG CFq© L1 AP
(obstructions) EFIIe awT @bl Praes FE
AR (TS AL TS | B! AR TS FAES @iy
TR a%@mmm (counterexample) SE
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IS, T 5T A 3020 & ABIREIF FeifhF AP
P 98 YNGR Foyo! ol w1 021 e,
MO Florer FeT o7 b1 fsnizad [pifq o
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ToAA e NIel FIS(T (AR TS 72 |

I (FIRIE 93 ol oo »[re Ffaq
AT F AR AT @ FRT IS @i -

Yo



BE]

FYIF TEITS S (7 AR 271 FPohRT Tame
I @B NI @A™ 009 5 e @ DFS (1lia
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e Q4n/2, IMR n FALTH! 25GF fForey, Tt
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N

Complete) | BT FACA V'(F FACBI QA @ a6
YRS FATORT TS I 2/ A et
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(IET MBI Bite 3 Wfee 1 @3 riiiae e
@ NG 791 TC® (2 AT TR & AN B«
SN (PICAT ML Qa1 fms 712 1 o e
A IS T Col I fogwa Ry «+f 29
S =AM ETrR AR @G AP W T5eeT |
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TR I @E, AF 29! Col TG ©F 71 2
@ T390 F9F 1 9B AWl TG A2 FYRIZCR (T A5
O AL (AR A9 AT (expected value) TF R
( 299 BRI 7] I
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sfetss, MR GBI SN A2l 1 T 7191 WSS 91 27, (903
IR TGS AT T FLICET G FpIos e
on,/8 T o1 T F IS | QBWCE, TTFABIS YA
P T T I I 4T FA N 2], [OE
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AT DI QT FH#L ET TR SN o1 6T |
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€9, VY, 3809, ALY, OCHO, 3ASdY, . . . JGH |

sfoTedsl Reee 2w Q9 F€E @2 heuris-
ticlifs g @i et S8 k9 »[1 I
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qresF AfRTe T4 W) 1 35y 58 [ GA® (Riho
Terras) (MYARRA @ n I ‘O FASENRR ALS( T
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IM (FARE G2H @@R 2T @ p T TRERE
GRS AL 7, Ol A T GBIt NI =, (S0
@3 TEIGEBE A8 s III] 7E AN IR
AN STopel A iR S | (BRI 9 FAPCGE
TACI2 IRIS RS q2S 4F IS WG (531 IS
QMR 5595 BTS T 216 @eed (Jean Paul Allouche)
@YEE @ I AR ASENERE ALV A2 [T
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T f @ 9 g9 oo Tes, @A w e fa
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e el | TTefoey el | @fels - e, 2088

ol WCIE SRS f(n) ©0F AP WA GBI
SEge =1 wdie, “eR AFCAE FAE FHARE
YR Am AR a2 IS 17 SHIRINTHA, n I AR
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OF AF WA GO NS T Ble @ IR
Q9@ @RI (Quanta) STABAIE @3 I fafafes
@A R Y fToge FHRE AN R (AR
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(i ®Efel (Schrodinger) AN A 96
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Result of Assam Mathematics Olympiad, 2020

The results of Mathematics Olympiad (MO), 2020 organised by Assam Academy of Mathematics (AAM)

and held on 16 August, 2020 are declared as detailed below. In pursuance of disaster management protocol

owing to Covid 19 pandemic affecting the people all over the world, AAM decided to conduct the competition
online. It was an hour long competition for the senior category of students (viz., IX, X, and XI standard)
only and the competitors participated in the competition from their own residences. Altogether 198 out of
457 candidates registered initially from all-over the State had appeared and Ms. Sunaina Pati of Sarla Birla
Gyan Jyoti, Amingaon topped the list with a score of 70 out of 100. By virtue of being the topper in third
category Ms. Sunaina Pati is qualified for the award of Subratananda Dowerah Gold Medal sponsored by the
family of late Dr. Subratananda Dowerah, an extraordinary Mathematician of Assam who met an untimely
death at a very young age. Following AAM convention the first five positions in order of merit have been
sorted out as rank holders. AAM Talent Search Committee in consultation with leading office bearers of AAM
Executive Committee have decided to award the rank holders with a cash prize of Rs.2000/- each. Based on
cut-off marks fixed by AAM Talent Search Committee, candidates are selected for certificates of merit and

appreciation also.

Following an extraordinary untoward situation prevailing in the State for Covid-19 and other reasons
Academy’s Award giving ceremony, 2020 remained suspended. As a result, the Subratananda Dowerah Gold
Medal and other regular trophies couldn’t be awarded last year. However, cash award of Rs 2000/- (Rupees

two thousand) only was sent electronically to the account of each of six MO (AAM) rank holders of the year.

Rank Holders: Candidates eligible for Medals/Cash Award

S | Roll Name School/College Score | Rank
No. | No.

1 17005 | Sunaina Pati Sarala Birla Gyan Jyoti, Amingaon 70 1

2 19007 | Madhurjya Pratim Sarma | Shrimanta Shankar Academy, Guwahati 63 2

3 06011 | Kaushika Das Little Flower English High School, Bongaigaon | 60 3

4 06021 | Parag Kumar Das Ambikagiri Jatiya Vidyalaya, Abhayapuri 60 3

5 37001 | Amit Kumar Basistha Anundoram Borooah Academy, Pathsala 58 4

6 39029 | Daivik Dev Don Bosco H.S. School, Silchar 56 5

Following candidates are eligible for certificate of merit:

Sl. No. | Roll No. | Name School/ College Score
1 39081 Sanjiban Paul Maharishi Vidya Mandir, Silchar 50
2 06036 Swarnav Kalita Delhi Public School, Dhaligaon 42
3 12016 Supratik Chattopadhyay | Delhi Public School, Digboi 41
4 17006 Thejas Radhika Sajith Kendriya Vidyalaya, IIT Guwahati 36
5 12014 Shiv Prasad Das Delhi Public School, Digboi 32
6 06019 Milesh Kumar Bongaigaon higher secondary school (Eng. Med.), | 32
Bongaigaon

sffere T | STefoes Ael | afele - g, 202 58
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Following candidates are eligible for certificate of appreciation:

SL. No. | Roll No. | Name School/ College Score
1 12017 Vinit Shah The Little Stars senior secondary school, digboi 25
2 05001 Nabanshu Neer Gogoi Delhi Public School, Numaligarh 23
3 39057 Nirjhar Nath Ramanuj Gupta Junior College, Cachar 23
4 06026 Sagar Sharma Bongaigaon Higher secondary school English | 22
Medium, Bongaigaon
5 25002 Airban Bora Pragjyotika English School, Titabar 22
6 19008 Parnavi Deka Maria’s public school, Guwahati 21
7 43001 Armin Begum Emmanuel Chritian High School, Tezpur 19
8 20007 Manthan Kashyap Datta | Delhi Public School, Guwahati 19
9 40009 Isfakul Hussain Arunodoi academy, Amguri 18
10 39014 Annika Bhattacharjee Holy Cross HS School, Cachar 17
11 43021 Upasana Sharma Biswanath Jnan Bharati School, Biswanath Chariali | 17
12 15001 Adrish Bora Golaghat Jatiya Vidyalaya, Hamdoi Pathar, Golaghat | 17
13 43007 Dhritiman Sawarni Don Bosco high school, Tezpur 16
14 39012 Ankush Mazumder Silchar Collegiate School, Silchar 15
15 39052 Muhsin Ahmed Barlaskar | Sainik School Goalpara, Goalpara 15
16 30002 Kaustabh Prasad Saikia Maharishi Vidya Mandir, Tangla 15
17 39035 Jagotjyoti Dutta St. Capitanio senior secondary school, Cachar 15
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Report of Biswanath District
Branch

The Biswanath district branch celebrated the Na-
tional Mathematics Day with day long programme
in association with Srimanta Sankar Guru Jatiya
Vidyalay Burigang B. Chariali. Lakhyajit Das, rector,
presided the meeting. Dr. Arun Chaliha, the pres-
ident of Biswanath district branch, Ripunjay Bor-
doloi, science teacher and author, and I delivered
special lecture on related issues of National Math-
amtics Day. In my speech I briefed about the ac-
tivities undertaken by AAM for the students’ com-
munity. Lastly Kalyan Jyoti Gogoi, Mathematics
teacher, gave vote of thanks on behalf of the branch.

- Pranjal Bordoloi

General Secretary, Biswanath Chariali Branch

Report of Cachar District Branch

The Cachar District Branch celebrated the National
Mathematics Day in association with Department
of Mathematics, Gurucharan College, Silchar. The
inaugural session was graced by Sumit Sattawan,
ADC, Cachar District as the Chief Guest in pres-
ence of Dr. Mihir Ranjan Nath, Vice-Principal, Gu-
rucharan College and Dr. Rajasree Paul, Coordinator
IQAC, Gurucharan College. Two renowned mathe-
matics teachers, namely Apurba Kumar Nath, Sonai
NGHS School and Parimal Chakraborty, Holy Cross

HS School were invited as Guests of Honour. They

o

were felicitated for their relentless service in im-

parting mathematics education at school level.

As the General Secretary, AAM Cachar District, I
delivered the welcome address, and highlighted the
significance of National Mathematics Day. Speak-
ing on the occasion, ADC Sumit Sattawan lauded
the effort of Assam Academy of Mathematics in
popularizing mathematics through such events and
urged the students to study mathematics seriously.
Apurba Kumar Nath highlighted the importance of
mathematics in our day to day lives and advised the
students to develop problem solving skills. Parimal
Chakraborty encouraged the students to excel in
mathematics and develop moral thinking. He also
recited a self-written poem as a tribute to Srini-
vasa Ramanujan. Rajasree Paul appreciated the ini-
tiatives taken by AMM Cachar District Branch and
urged the administration as well as the AAM branch
to focus on mathematics education for underprivi-
leged students. Lastly, Dr. Mihir Ranjan Nath ex-
pressed his feelings on mathematics being a Physics
teacher. He urged the students as well as teachers
to make use of the latest technology in upgrading

their knowledge and ideas.

A mathematical quiz competition ‘Mathwiz’ was
also organized for students of classes VIII to X. Five
teams out of thirty four were shortlisted for the
final quiz. Dr. Mridul Mohan Das, Assistant Pro-
fessor, Department of Botany, Gurucharan College
acted as the quiz master. After four interesting
and competitive rounds, Subhadip Roy and Harsha
Purkayastha from Silchar Collegiate School were ad-
judged the winners while Sanjiban Paul and Swap-
noneel Das from Maharishi Vidya Mandir were ad-
judged the runners-up. Certificates and prizes were
distributed among the participants. All the five fi-
nalists are provided books to enhance their mathe-

matical skills.

- Dr. Debashish Sharma

General Secretary, Cachar District Branch
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AAM EXECUTIVE BODY (2020-2021)

President: Dr Ram Ch. Deka
Vice President: Dr. Rita Choudhury

General Secretary: Dr. Jnanjyoti Sarma

Joint Secretary: Dr. Ashish Paul & Dr Ujjwal Medhi

Treasurer: Dr. Biren Das

Executive Members: Dr. Tarakeswar Choudhury, Dr. Dwiraj Talukdar, Dr. Kuntala Patra, Dr.
Prabin Das, Mr. Birabrata Das Choudhury, Dr. Biren Das, Mr. Bibekananda Choudhury, Dr. Chandra
Rekha Mahanta, Dr. Bipan Hazarika, Dr. Debashish Bhattacharjee, Dr. Kukilkalpa Rajkhowa, Dr. Kamal
Devnath, Dr. Bimalendu Kalita, Dr. Ananadram Burahgohain, Mr. Ranjit Kalita, Dr. Arun Chaliha, Mr.
Manabendra Das, Mr. Padmeswar Senapati, Mr. Surajit Dutta, Mr. Deepjyoti Gogoi, Dr. Sibu Basak,
Dr. Siddhartha Gogoi, Mr. Kiran Ch. Ray, Mr. Sunil Deka, Mr. Lohit Ch. Medhi, Mr. Pankaj Jyoti

Mahanta, Dr. Manjil P. Saikia, Dr. Debashish Sharma

Co-opted Members: Dr. Sanjoy Dutta, Dr. Priya Deva Goswami, Mr. Trailokya Mohan Goswami,

Dr. Himasree Kalita

The Executive Committee meeting of AAM held on 20.09.2020 resolved to constitute the
following Sub Committee for the two year term 2020-21

Core Committee: Dr. Ram Ch. Deka, Pres-
ident, Dr. Tarakeswar Choudhury, Dr. Dwiraj
Talukdar, Dr. Kailash Ch. Goswami, Dr. Dilip
Sarma, Dr. Prabin Das, Dr. Helen K. Saikia, Dr.
Rita Choudhury, Dr. Kuntala Patra, Dr. Jnan-
jyoti Sarma, Dr. Biren Das, Mr. Birabrata Das
Choudhury, Dr. Ashish Paul, Dr. Ujjwal Medhi

Talent Search Committee:

Chairman: Dr. Prabin Das

Convener: Dr. Debashish Sharma & Dr.

Ashish Paul

Members: Dr. Ram Ch. Deka, Dr. Jnanjyoti
Sarma, Dr. Ashish Paul, Dr. Ujjwal Medhi, Dr.
Debashish Bhattacharjee, Dr. Bipan Hazarika, Dr.
Kukil Kalpa Rajkhowa, Dr. Kamal Devnath, Dr.
Bimalendu Kalita, Mr. Birbrata Das Choudhury

Publication Subcommittee:

Convener: Mr. Birabrata Das Choudhury

Members: Dr. Ram Ch. Deka, Dr. Dilip
Sarma, Dr. Prabin Das, Dr. Jnanjyoti Sarma, Dr.
Ashish Paul, Dr. Ujjwal Medhi, Dr. Sibu Basak,
Dr. Anandaram Burahgohain, Mr. Ranjit Kalita,
Mr. Padmeswar Senapati

Academic Subcommittee:

Convener: Dr. Kuntala Patra

Members: Dr. Ram Ch. Deka, Dr. Prabin
Das, Dr. Jnanjyoti Sarma, Mr. Birabrata Das
Choudhury, Dr. Kamal Devnath, Dr. Bimalendu
Kalita

Editorial Board: Ganit Bikash

Editor: Mr. Pankaj Jyoti Mahanta
Deputy Editor: Dr. Manjil P. Saikia

Members: Mr. Birabrata Das Choudhury, Dr.
Jnanjyoti Sarma, Mr. Pranjal Das

Editorial Board for Journal (JAAM):

Chief Editor: Prof. Rita Choudhury, Deptt.
of Mathematics Gauhati University

Associate Editor: Dr. Bipan Hazarika,
Deptt. of Mathematics Gauhati University

Members: Prof. Gopal Ch.
Deptt. of Mathematics, Dibrugarh University;
Prof. Bhaba Kr. Sarma, Deptt. of Mathe-
matics, IIT Guwahati; Prof. Bhola Iswar, Retd.
Prof. Deptt. of Mathematics, Bihar University;
Prof. Peeyush Chandra, Retd. Prof. Deptt. of
Mathematics, II'T, Kanpur; Prof. Dulal Chandra
Sanyal, Retd. Prof. of Deptt. of Mathemat-
ics, Kalyani University; Prof. Debajyoti Biswas,
Retd. Prof. Deptt. of Mathematics, Assam Uni-
versity; Prof. Uma Basu, Retd. Prof., Deptt. of
Mathematics, University of Calcutta; Prof. Prabir

Hazarika,

Kumar Kundu, Deptt. of Mathematics, Jadavpur
University; Dr. Nayandeep Deka Baruah, Deptt.
of Mathematical Sciences, Tezpur University; Dr.
Debasish Bhattacharjee, Deptt. of Mathematics,
Gauhati University; Dr. Nilakshi Goswami, Deptt.
of Mathematics, Gauhati University.
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